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O, ye who believe!
If ye will aid,

(the cause of) God,
He will aid you,

and plant your feet firmly.
(Q.S. 47:7)

Verily, with every difficulty

there is relief.

Therefore, when thou art

free (from thine immediate task),
still labour hard.

And to thy Lord

turn (all) thy attention.

(Q.S. 94:6-8)
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Chapter 1

Introduction

Maintaining a production process in good condition is an important issue for many
practitioners. For that reason it is necessary to monitor such a process so that
as soon as it starts to act differently from the required conditions a signal will
be produced. With the occurrence of this signal, the production process will be
stopped for some adjustment before it is restarted again.

This monitoring task is often based on a so called Shewhart X-chart which consists
of a center line, an upper control limit (A1) and a lower control limit (B1), see
Figure 1.1. The function of the Shewhart X-chart is to monitor the mean of a
process, which is expected to be around the center line. The area between the two
control limits is considered as a permissible area for the observations. As long as
the observations scatter randomly inside this area, the process is considered to be
in-control. Otherwise, if the observations form a pattern or there is an observation
which falls outside this permissible area, then there is an indication of an out-of-
control situation. In the present research, we focus on an out-of-control case that
is indicated by an observation which exceeds the permissible area.

Since the effect of either stopping the running process or letting the process run
in the out-of-control situation can be very substantial from the economic point of
view, practitioners need to be very careful to decide when the process really has to
be stopped. In other words, it is very crucial to choose the most suitable control
limits to be used in practice. If the control limits are too tight (e.g. A2 and B2 in
Figure 1.1) there will too often be a false out-of-control signal, and if these are too
loose (e.g. A3 and B3 in Figure 1.1), most likely there will be no out-of-control
signal at all while the process is gone out-of-control. Therefore, the objective of
this research is to determine the most suitable control limits.

In Section 1.1, the problem which concerns the determination of control limits is
discussed. There, some results which are related to this topic in the literature are
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Figure 1.1. Shewhart X-chart.

included. Criteria for setting the control limits are given in the following section.
The contents of the thesis will be summarized in the final section.

1.1 The problem of setting the control limits

The Shewhart X-chart is widely used because of its simplicity. It assumes nor-
mality of the underlying distribution of the observations. Hence, the control limits
depend on the mean and standard error of the normal distribution in the in-control
situation. In practice, applying this control chart to monitor the mean of a pro-
cess may lead to two types of problems. The first concerns the typically unknown
parameters involved in the distribution, while the second concerns the validity of
the assumption itself.
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In the case that the assumption is true that the observations are normally dis-
tributed but with unknown parameters, one has to estimate the parameters based
on observations from the past, which are also known as Phase I observations.
Since the estimation usually involves very small p, which is the probability of an
in-control process producing an out-of-control signal, it may result in large rela-
tive errors, unless (very) large sample sizes are applied. In the present research,
the so called stochastic error as an implication of the estimation process will be
discussed. It turns out that the error caused by estimating the standard error is
larger than the one induced by estimating the mean, especially if the probability
of incorrectly signaling out-of-control is small.

Previously, the effect of the estimation step has been discussed a.o. by Woodall
and Montgomery (1999). They mention that more data than are usually recom-
mended are needed to accurately determine control chart limits. This is based
on earlier research conducted e.g. by Quesenberry (1993) and Chen (1997) who
concluded that the classical empirical rules for choosing the number of observa-
tions to estimate the mean and standard error of the normal distribution were
inadequate and should be taken much larger. It was recommended to take at least
300 observations. For a further discussion on this topic, see also Roes (1995). For
more recent references about the problems concerning estimation in control charts
see Chakraborti (2000), Chakraborti et al. (2001) and Nedumaran and Pignatiello
(2001).

In this thesis we first consider a normal approach by adopting the Shewhart X-
chart to investigate the effect of the estimation error. The results show that
although the observations are normally distributed, we still need too large sample
sizes to construct accurate control limits. Hence, we confirm the conclusions offered
in the previous studies that basically very many data are needed to construct
accurate control limits. Since such large sample sizes are usually not available
in practice, we need to find a way to correct the control limits in order to have
accurate limits for commonly used sample sizes. It should be noted that the
introduction of @-charts in Quesenberry (1991) does not solve the problem if we
consider, for instance, the mean of the run length distribution or other quantities
based on the run length. The reason is that, due to dependence introduced by the
estimators, the run length distribution is no longer a geometric distribution. See
Quesenberry (1993) for an extensive discussion on this point. It turns out that
by adding suitable correction terms to the control limits, we are able to reduce
substantially the sample sizes needed to construct accurate control limits.

In practice, the distribution of the observations can be different from the normal
family. Hence, the normality assumption made for the observations often fails,
which causes a model error. In such as a case, the probability of incorrectly
producing an out-of-control signal may be seriously in error, see e.g. Chan et
al.(1988) and Pappanastos and Adams (1996). Basically, the problem is that the
normality assumption may be fair for the central part of the distribution, but
produces large relative errors in the tail. And, in view of the small values of p
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typically used, the tails are what we are dealing with. Therefore, a larger model is
needed, providing more flexibility to describe the behavior in the far tail. For that
purpose we propose to use a parametric as well as a nonparametric approach.

In the parametric approach we assume that the distribution of the observations is
from a larger class of parametric models containing the normal family as a sub-
model. Several suitable models have been considered for this purpose, such as
random or deterministic mixtures. However, for the following reasons we choose
a so called normal power family as a supposed model. Firstly, using the normal
power family gives more flexibility and hence improvement over simply using nor-
mality and ignoring the facts that in practice normality often fails. If control limits
based on normality are applied, this should implicitly mean that the distribution
is approximately normal, and in that case the normal power family is certainly
appropriate, since normality is a submodel of the normal power family. Secondly,
by the extension to the normal power family many other commonly used distribu-
tions show up, which are covered sufficiently well by members of the normal power
family. Thirdly, the normal power family is not so large that accurate estimation
is only possible with huge sample sizes as in the nonparametric approach.

Based on the assumption that the true distribution of the observations is from the
normal power family, we can construct a so called parametric chart. Applying the
parametric chart in a real life situation is able to reduce the model errors of many
distributions considerably. On the other hand, as more parameters are needed to
be estimated, larger stochastic errors may be expected. Therefore, the next step
to be taken is to control these stochastic errors by developing correction terms for
the control limits. A second order asymptotic approach is applied to derive the
correction terms, since the first order asymptotics does not produce sufficiently
accurate results, due to the very small values involved in the quantiles. With the
addition of the correction terms in the control limits, the corrected parametric
chart performs much better since it reduces the stochastic errors substantially.

The parametric approach based on the normal power family offers a satisfactory
solution over a broad range of underlying distributions. However, situations do
occur where even such a larger model is inadequate since the true distribution may
still not be in it and the resulting model error may remain unacceptably large. In
such a situation nothing remains but to consider a nonparametric approach. In
principle these form ideal solutions, since the model error is simply not present
here, and the stochastic error becomes arbitrarily small as the sample size in-
creases. But on the other hand, for common sample sizes encountered in practice,
this is not a lot of help. If we want to estimate e.g. the 0.999-quantile, it is clear
that with 100 observations we will not get anywhere with a nonparametric esti-
mate. The problem is left that huge sample sizes are required for the estimation
step. Otherwise, the resulting stochastic error is so large that the control limits are
very unstable, a disadvantage which seems to outweigh the advantage of avoiding
the model error from the parametric case.
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In this thesis we analyze under what conditions the nonparametric approach ac-
tually becomes feasible as compared to the parametric approach. In particular,
corrected versions of control limits are suggested for which a possible change point
is reached at sample sizes which are markedly less huge (but still larger than the
customary range). These corrections serve to control the behavior during the in-
control situation (markedly wrong outcomes of the estimates only occur sufficiently
rarely). The price for this protection clearly will be some loss of detection power
during the out-of-control situation. A change point comes in view as soon as this
loss can be made sufficiently small.

We will restrict attention to the obvious choice based on the empirical quantile
function, as this will already provide a clear picture of what can be expected in
general. Some previous work on closely related topics can be found in Willemain
and Runger (1996) and in Ion et al. (2000). For a recent overview of nonparametric
charts in general, see e.g. Chakraborti et al. (2001). Incidentally, as these authors
point out, several of the procedures that have been proposed are in fact not truly
nonparametric or distribution-free. They are based on a nonparametric estimator,
like the Hodges-Lehmann estimator, rather than on X, but the actual in-control
run length distribution involved does depend on the underlying distribution of the
observations.

Each of the three approaches discussed above has advantages as well as disadvan-
tages with respect to another. The Shewhart X-chart, also known as the normal
chart, is preferable as long as the true distribution is (very) close to normality.
However, for distributions farther away from normality, but still close to the larger
parametric family, the best choice is to adopt the parametric chart. Of course,
there also are distributions so far outside the larger parametric family that the
parametric chart is not satisfactory either and the nonparametric chart should be
applied. To make a choice we need to find a way such that the data can select the
most suitable control chart for themselves.

A first idea might be to execute a (standard) goodness of fit test to investigate
normality. If normality is not rejected, use the normal chart. If normality is
rejected, apply a goodness of fit test for the normal power family. Again when
this is not rejected, apply the parametric chart. Otherwise, use the nonparametric
chart (if this makes sense). Although this way of thinking looks attractive, it has a
serious drawback. Standard goodness of fit tests are looking at the majority of the
data, and as such concentrate on the middle of the distribution, while here we are
not interested in this middle part, but in the (extreme) tail. Therefore, standard
goodness of fit tests are not appropriate for the situation at hand. For the same
reason, less formal methods like “a good look at the data” or “an inspection of a
histogram” are completely insufficient to judge the possible normality in the far
tail.

The choice between the three control charts can be seen as a model selection
problem. This area in statistics is nowadays in the center of interest and therefore
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it looks promising to apply such methods not merely for the three charts mentioned
here, but for a whole range of (nested) models. Unfortunately, two problems arise.
First of all, it is far from easy to develop control charts in each of these models.
Secondly, again the common selection rules are intended for the bulk of the data
and not for the extreme tail. The motivation to switch from the normal control
chart to the parametric control chart or even to the nonparametric control chart
is provided by the model error. As this model error is the discriminating quantity
in deciding which control chart to use and since moreover the data should tell us
what the appropriate model is, it is natural to base the decision between the three
control charts on the estimated model error. The idea to let the data tell what
control chart to use is discussed in more detail in this thesis under the so called
combined approach.

1.2 Criteria for setting the control limits

To study the problem of setting control limits as described in Section 1.1, first of all
a performance characteristic for the given control limits has to be selected, such as
the out-of-control signal probability (p), the average run length (ARL = 1/p), or
any well-behaved function g of p (¢(p)). Due to the estimation, this performance
characteristic becomes random. Hence, p is replaced by a stochastic counterpart
P, the ARL = 1/p likewise by 1/P and generally g(p) by g(P). Subsequently,
for each characteristic the absolute error (e.g. |P — p|) or the relative error (e.g.
(P/p—1)) can be studied with respect to aspects such as expectation, semi-variance
and exceedance probability, each of which in its own way helps to characterize the
behavior of the estimated control limits.

In this thesis we apply both bias and exceedance probability criteria for setting the
control limits. A bias criterion aims at reducing the discrepancy between the actual
result and the true value of the performance characteristic, while the exceedance
probability criterion is applied for controlling the probability of having a relative
error larger than a given value. More precise descriptions of the two criteria are
given in the following subsections.

1.2.1 Reducing bias

The term “bias”, or sometimes systematic error , is used to express the difference
between the measurement result and its unknown “true value”. In this study we
try to reduce the bias between the performance characteristic and its counterpart
for the case of known parameters as much as possible. Since in the estimated case
the performance characteristic is a random variable, we need a measurement for
the random variable before we can compare it with another value. One way to
measure the random variable is by using its expectation which shows the average
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performance of the random variable over a long series of applications. For example
E(P) can be compared with p, E(1/P) can be compared with the fixed ARL =

1/p, or E(g(P)) with g(p).

Furthermore, the comparison can be done e.g. by investigating either the relative
error or the absolute error between the two values. In order to reduce the bias, we
have to restrict the two errors to be at most a small number. For example, it can
be investigated when the stochastic counterpart P of p satisfies |[EP — p|/p < 0.1,
or satisfies |EP — p| < 0.01, etc. In our case, for p = 0.001 the relative error of at
most 10% is satisfied when we have more than 300 observations, while for p = 0.01
we need to have more than 100 observations (see Section 2.2).

Of course, instead of using the expectation, we can also use either the semi-variance
or the exceedance probability to check the performance of the control charts. The
latter will be described in the following subsection.

1.2.2 Controlling exceedance probability

In the bias criterion we only used the expectation of a random variable to in-
vestigate the performance characteristics of the control chart. Using expectation,
however, only captures part of the picture. Since the variability of P around its
expected value is rather large, it also seems worthwhile to control the exceedance
probabilities involved. Hence, rather than only worrying about |EP — p|/p > 0.1,
we now try to figure out how large P((P — p)/p > 0.1) is. This probability indi-
cates how likely it is that the Phase I observations produce an outcome of P larger
than 0.0011 when p = 0.001. Once such an outcome has occurred, we are so to say
stuck with it during the subsequent application of the chart. The fact that EP
may be well behaved only means that the present large outcome is expected to be
balanced by a small one during a future application of the newly estimated chart.
Hence bias correction is certainly useful with respect to the long-term behavior of
the chart in a series of separate applications. But exceedance probabilities supply
information about how likely it is that errors beyond a certain level occur in a
single given application. From a practical point of view, this may even be the
more interesting topic to discuss.

1.3 Outline of the thesis

In this thesis we propose four different approaches to determine the control limit.
The difference is mainly due to the different assumptions made for the underlying
distribution of the observations. The following approaches have been considered:

e Normal approach, assuming that the true distribution of the observations
comes from a normal family (Chapter 2).
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e Parametric approach, assuming that the true distribution is from a broader
parametric class than the normal family. In this case we assume the true
distribution is from a so called normal power family (Chapters 3 and 4).

e Nonparametric approach, applying a distribution-free method. Hence, no
assumption is needed except the continuity of the true distribution (Chapter
5).

e Combined approach, as the name suggests, offering to combine the normal,
parametric and nonparametric approaches and let the data, based on certain
criteria, select the most suitable control limit for themselves (Chapter 6).

The results presented in Chapter 2 do confirm that although the normality as-
sumption for the observations is fulfilled, too large sample sizes are needed to get
accurate control limits when estimators of the parameters are simply plugged in.
However, the samples sizes needed to construct accurate control limits can be re-
duced substantially if we add suitable correction terms to the control limits. The
discussions throughout Chapters 3-5 point out that with the addition of appro-
priate correction terms, the performance of the other control limits is also highly
improved. The derivation of the control limits and their corresponding correction
terms is based on asymptotic as well as on approximation theory. To check the
value of the results, extensive simulation studies are performed. The results of
these simulations indeed confirm those from the asymptotic theory. Some exam-
ples are given to provide better illustrations of the material presented there.

From the discussion presented in Chapters 2-5 we conclude that applying the cor-
rected versions of the normal, parametric and nonparametric charts to monitor
the production process in practice offers considerable advantages. However, ap-
plying these charts individually may cause some disadvantages due to the specific
characteristics of the observations. Therefore, we recommend a combined chart
to be used in practice. The derivation of the combined chart, as a product of
the combined approach, is discussed in Chapter 6. Finally, Chapter 7 provides a
guideline to implement the material presented throughout Chapters 2-6 in real life
situations.



Chapter 2

Normal Approach

This chapter discusses a problem which occurs when applying a standard control
chart and proposes a way to deal with it. Supposing that the normality assumption
for the observations is fulfilled, too large sample sizes are needed to get accurate
control limits when estimators of the parameters are simply plugged in.

To fix the problem, correction terms are developed and applied to the control
limits. The determination of these correction terms is based on so called bias and
exceedance probability criteria. Using the corrected normal charts much smaller
sample sizes are needed to get accurate control limits. The new charts are also
shown to behave quite well in an out-of-control situation.

2.1 Introduction

Assuming normality of the observations in the in-control situation, the control
limits of the standard chart depend on the mean and standard deviation of the
normal distribution. For this reason, the standard chart is also known as a normal
chart, and the latter will be used quite frequently in this thesis. With respect to
the mean and standard deviation of the distribution, these parameters are most
likely unknown and therefore, to apply the control limits, one has to estimate the
parameters.

Estimation is based on the observations obtained in Phase I that we suppose to
belong to the in-control situation. The monitoring phase is based on the obser-
vations from Phase II. Hence, an estimation error will have occurred. Woodall
and Montgomery (1999) describe the question of the effect of estimation error in
control charts as follows : “In most evaluations and comparisons of control chart
performance in Phase II, it is assumed that the in-control values of the parameters

9
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are known. In practice, however, the parameters must be estimated in Phase I.
The effect of this estimation on control chart performance have been studied, but
only for relatively few types of charts (see, e.g., Ghosh, Reynolds and Hui (1981);
Quesenberry (1993); and Chen (1997)). Much more research is needed in this area
recognizing that the Phase II control limits are, in fact, random variables. Re-
search shows that more data than has been recommended is needed to accurately
determine control chart limits.”

In Quesenberry (1993) and Chen (1997) simulations and numerical calculations
are performed for the mean and standard deviation of the run length distribution,
when the mean and standard error of the normal distribution are estimated. The
simulation results confirm the conclusion of Quesenberry (1993) that the classical
empirical rules for choosing the number of observations to estimate the mean
and standard deviation of the normal distribution are inadequate and should be
taken much larger. The studies recommend to take at least 300 observations to
get accurate limits. Further discussion on this topic is given by Roes (1995), in
particular in Section 2.2.2.

In line with these studies, we perform some simulations and an asymptotics study
in the present chapter to show that (indeed) a great many data are needed to
get accurate control charts limits, when estimators are simply plugged in. Since
nowadays short production runs are more and more in demand, there may be not
enough data to accurately estimate the process parameters.

Due to estimation the probability P of incorrectly concluding that the process is
out-of-control is no longer deterministic, but a random variable. In this thesis with
“accurate control charts” in the bias case we mean for example that P is close to
a prescribed false alarm rate p, in the sense that EP is close to p, or in a more
general way Eg(P) is close to g(p). More details on functions g of special interest
are given in Section 2.2.2. This can be interpreted as meaning that in the long
run the user always gets what he wants.

In the literature there is only a limited number of suggestions how to correct the
control limits. Moreover, they are restricted to g(p) = p and do not deal with
exceedance probability. Hillier (1969) introduced a method to set control limits
with an exact correction term based on a small number of subgroups. He estimated
o with the average range. Yang and Hillier (1970) proposed a similar correction
term using average subgroup variance and sample variance to estimate o?. Exact
correction terms using other estimators were also introduced by Ghosh, Reynolds
and Van Hui (1981) and by Roes, Does and Schurink (1993). Other than that, we
could not find any suggestion to have accurate control limits for commonly used
sample sizes. This calls for the search for simple, but efficient correction terms to
be applied in the control limits.

Hence, our goal is to develop correction terms in order that also for common sam-
ple sizes accurate control charts can be obtained. For this, we adopt so called bias
and exceedance probability criteria. Based on these criteria we develop correction
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terms for the control limits. The correction term based on the bias criterion has
order of 1/n, while the correction term developed under the exceedance proba-
bility criterion has order of 1/y/n. From this we can see that the bias removal
approach requires a moderate correction, while controlling the exceedance proba-
bility requires a larger correction for an initial control limit. The different types
of protection give different effects in the out-of-control performance. Weak pro-
tection which is associated with the moderate correction has a low price, whereas
strong protection which is associated with the larger correction, has a moderate
price. Hence, by adding these correction terms to the initial control limit, we get
two different types of control charts. Practitioners can choose either one of these
which suit their needs the best.

As far as we know, what is presented in this chapter is the first contribution to
finding such correction terms. It should be noted that the introduction of Q-charts
in Quesenberry (1991) does not solve the problem if we consider, for instance, the
mean of the run length distribution or other quantities based on the run length.
The reason is that, due to dependence involved in the estimators, the run length
distribution is no longer a geometric distribution, see Quesenberry (1993) for an
extensive discussion on that point.

Fortunately, the correction terms, obtained by an asymptotic method, are easy to
apply, even when the derivation of these terms requires the more complex approach
of second order asymptotics. The corrected control limits do their job very well,
giving accurate results already for moderate sample sizes.

Having developed the correction terms, we also want to investigate the conse-
quences for the out-of-control situation of using the corrected control limits. In
situations where the correction leads to a more stringent control limit, the ob-
vious consequence is that in an out-of-control case the control limit is exceeded
less often. Quantification of the out-of-control performance is provided by asymp-
totic methods. It is shown by simulation results that the approximations describe
the out-of-control behavior very well. It turns out that the out-of-control behav-
ior is not disturbed much by the more stringent control limits. The loss due to
estimation is not very large.

The chapter is organized as follows. In Section 2.2 our set-up for the normal
chart is given and it is shown by simulation and asymptotic theory that very large
samples are needed to get accurate control limits in case no correction is made.
The correction terms are derived in Section 2.3, based on the bias and exceedance
probability criteria, where also the performance of the corrected control limits
is exhibited. The out-of-control behavior is treated in Section 2.4. Finally, a
concluding remark is given to close the chapter.
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2.2 The characteristics of the normal chart

This section discusses the characteristics of the normal chart. First, we present
the initial set up for the control limit of the chart. Next, using a simulation study
and asymptotic theory we show that very large samples are needed to get accurate
control limits when estimators are simply plugged in. We use bias and exceedance
probability criteria to investigate the effect of the estimation error.

2.2.1 The initial control limit of the normal chart

Let X3, -+, X,, X1 be independent and identically distributed (i.i.d.) dis-
tributed random variables (r.v.’s), each with a N(u,o?)-distribution. The r.v.’s
X1, -+, X, are the observations belonging to Phase I, on which the estimators
of 1 and o are based, while X, 11 belongs to Phase II: the monitoring phase. In
Sections 2.2 and 2.3 we consider the in-control situation for Phase II, that is we
assume that X,,;1 has the same distribution as X1, -+, X,.

We mainly consider a control chart with an upper limit. The more standard case
of upper- and lower control limit can be treated in a similar way and will be
given only as a remark. Generalization to a set-up with X; replaced by a group
of observations, for instance X;i,---, X;s, is fairly straightforward and will be
excluded here.

If 4 and o are known and p is the probability of incorrectly concluding that the
process is out-of-control, then the upper control limit (UCL) of the normal chart
equals
W+ upo

with u, = ®7!(1 — p), where ® denotes the distribution function of the standard
normal distribution. The density of the standard normal distribution is denoted
by ¢. However, very often p and o are unknown and they have to be estimated
on the basis of X7, ---,X,. We consider as estimator of y the sample mean
X=n"! Z?Zl X, and denote this estimator by fi. As estimator of o we sometimes
consider

D (X - X)?

&:S:V&mes%sz;;T—n

but more often we take

S

oS

where ¢4(n) is such that & is an unbiased estimator of o, implying

ea(n) = V2I(n/2)
Vn—1I((n —1)/2)




2.2 The characteristics of the normal chart 13

Note that in view of Basu’s theorem any location-invariant estimator is indepen-
dent of 1z (cf. Lehmann (1986) page 191 Example 1). A general location-invariant
estimator of o is denoted by ¢* and particular examples are & and &.

Plugging in the estimators i and o* in the UCL leads to
UCL =i+ up o™, (2.1)

Our interest is to observe the probability of an incorrect signal that the process
should be out-of-control. This probability depends on the estimators i and o*
and therefore it is a r.v. It is given by

b= p o
),

Py = Po(fi,0%) = P(Xn41 >/7+Up‘7*):6(T +“p? (2.2)

where ®(z) =1 — ®(x).

2.2.2 The effect of the estimation error for the bias

In order to learn more about the performance characteristics of the control chart,
several aspects of the closeness of P, to p can be investigated. The first choice is
based on the bias of P,, with respect to p. Also functions of P,, are of interest. For
example, the average run length (ARL) is given by 1/p and hence, the estimated
average run length equals 1/P,,. Therefore, we may compare E(1/P,) to 1/p.

Another family of functions of interest are the probabilities that the run length is
at most some specified value k. This probability is given by 1 — (1 — p)¥ and is
estimated by R, x = 1 — (1 — P,)*. The expectation ER,, j is then compared with
1—(1—p)k. Typical values of interest for k are fractions of the ARL, i.e. k = [§/p]
with, for instance, § = %, i, % or 1. With these given values of §, £ = 100, 250, 500
or 1000, respectively. These values are commonly used since they are feasible from
the practical point of view.

More generally, focusing on the bias we consider a function g(p), estimate it by
g(P,) and compare Eg(P,) with g(p). In particular, the previous functions

9(p) =p, glp) = %7 gp)=1-(1-p)* (2.3)

are of interest. Other functions g can be treated in a similar way. For instance,
the standard deviation of the run length, corresponding to g(p) = /1 —p/p. As
a criterion for closeness of Eg(P,) to g(p) we restrict the relative error to be at
most 10%, in formula :

‘ Eg(Pn) — g(p)

o) ‘ < 10%. (2.4)

We are looking for the smallest n for which (2.4) holds. Of course, other values
than 10% can be chosen if desired. This criterion is suitable for g(p) = p and
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g(p) = 1/p, while for g(p) = 1 — (1 —p)* an absolute error of at most 1% seems to
be more appropriate since it deals with probabilities not close to zero.

A simulation study using ¢ as the estimator of o, is carried out to see the perfor-
mance of Eg(P,) for the functions given in (2.3). The number of repetitions in
the simulation study equals 100, 000. The results are given for p = 0.001 in Table
2.1 and for p = 0.01 in Table 2.2.

Table 2.1 Simulation results for p = 0.001.

Relative Error (%) | Absolute Error (%) for g(p) =1 — (1 — p)*
n gp)=p | glp)=1/p | k=1000 | k=500 | k=250 k=100
25 167.0 702.0 3.56 6.65 10.53 8.70
50 72.9 132.8 2.28 4.71 6.63 4.77
75 45.0 70.5 1.65 3.62 4.75 3.19
100 32.6 47.2 1.29 2.92 3.68 2.39
150 21.5 28.5 0.81 2.23 2.63 1.63
200 15.8 20.0 0.57 1.78 2.02 1.22
250 12.5 15.5 0.44 1.47 1.63 0.98
300 104 12.8 0.36 1.26 1.38 0.82
350 8.8 10.9 0.33 1.07 1.17 0.69
400 7.7 9.5 0.29 0.95 1.03 0.61
450 6.9 8.2 0.22 0.88 0.94 0.55
500 6.2 7.5 0.22 0.79 0.84 0.49

From Table 2.1 we can see that the relative error of E'P, is larger than 70% if n =
50, and it is still larger than 30% if n is increased to 100. The simulations give that
the relative error of EP, satisfies (2.4) for n > 312. In line with this, the relative
error of E(1/P,) is larger than 40% if n = 100. This error is smaller than 10% only
for n > 377. Moreover, ER,, j satisfies the requirements of having an absolute
error smaller than 1% for n > 124,381,419,243, when k& = 1000, 500, 250, 100
respectively.

Woodall and Montgomery (1999) recommend to have at least 20-25 samples of
size 4-5 each to base the estimators on. The idea is that when taking the mean
of 4-5 single observations as a “combined” observation, normality is a reasonable
assumption, which may be more disputable for the single observations. If we as-
sociate a sample of size 4-5 with one observation in our set-up, the recommended
number of observations equals 20-25; which is far too small to get an accurate
estimate according to the simulation result. Even if we would consider the ob-
servations as single observations in the recommendation, leading to n between 80
and 125, this number of observations is still too small to get accurate results.

The simulation results evidently confirm that very many data are needed to get
accurate control charts limits, when estimators are simply plugged in. This con-
clusion agrees with the results of e.g. Quesenberry (1993) and Chen (1997).
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Allowing p to be a little bit larger, with a value 0.01 instead of 0.001, the situation
becomes slightly better, as shown in Table 2.2, although rather large sample sizes
are still needed. Moreover, in control charts p = 0.001 is far more often applied
than p = 0.01.

Table 2.2 Simulation results for p = 0.01.

Relative Error (%) | Absolute Error (%) for g(p) =1 — (1 — p)*
n gp)=p | glp)=1/p | k=100 | k=50 | k=25 k=10
10 139.6 1778.0 4.16 6.25 10.18 8.29
25 50.6 112.0 2.21 3.89 5.33 3.66
50 24.0 40.0 1.30 2.32 2.91 1.85
75 16.0 23.0 0.80 1.74 2.05 1.26
100 11.9 17.0 0.63 1.34 1.56 0.94
125 9.6 13.0 0.47 1.14 1.28 0.77
150 7.9 11.0 0.42 0.93 1.06 0.63
175 6.6 9.0 0.35 0.80 0.90 0.53
200 5.8 8.0 0.33 0.70 0.79 0.47
225 5.1 7.0 0.30 0.62 0.70 0.42
250 4.7 6.0 0.26 0.58 0.64 0.38

It is seen, cf. Table 2.2 , that EP, has a relative error smaller than 10% for
n > 118, and that E(1/P,) satisfies (2.4) for n > 163, while ER,, j satisfies the
requirements to have an absolute error smaller than 1% for n > 59, 139, 164, 95,
when k = 100, 50, 25, 10 respectively.

Remark 2.2.1 The simulation results show that EP, is always larger than p,
which means that P, is positively biased. In this case, as a consequence for
estimating parameters, the expected probability of an incorrect signal becomes
larger.

At first sight one may think that if P, tends to be larger than p, this will imply
that 1/P, is smaller than 1/p, cf. e.g. Quesenberry (1993, pages 241 and 242).
However, it turns out that also 1/P, is positively biased, that is E(1/F,) > 1/p.
One reason for it is that (very) small values of P, imply (very) large values of
1/P,: even if the probabilities of getting such small values of P,, are not so large,
the high values of 1/P, cause a high expectation. Especially for small n this
phenomenon is rather strongly present, see, for instance, Table 5 on page 245 of
Quesenberry (1993). Since E(1/P,) is strongly determined by the occurrence of
extremely long runs, which are not very relevant in practice, Roes (1995, page 34)
remarks that F(1/P,) does not adequately summarize the run length properties
of the chart, cf. also Quesenberry (1993, page 242).

To avoid this problem of “outliers” one may apply the strategy to replace the
average by the median. This strategy is often successfully applied in robust statis-
tics. The median of a geometric distribution with parameter p is given by the
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function
—log?2

" log(1—p)’

However, for a small p, this function behaves as (log2)/p and, hence, the same
problem arises with the median run length.

9(p)

The introduction of the criterion ER,, ; for several values of k is sometimes moti-
vated by giving a more sensible performance measure than the ARL, see e.g. Does
and Schriever (1992), Roes (1995) pages 102, 103, Del Castillo and Montgomery
(1995) and Quesenberry (1995). Note however, that the practical relevance of
ER, \, with k as large as 1000, is disputable too. Noting that we want to protect
a process against small run lengths, when we are in the in-control situation, the
benefit obtained by estimation of the parameters for ER,, 1000 is therefore of far less
importance than the disadvantage that resulted for ER,, , with k = 100, 250, 500.

The positive bias of EP, and ER, j for k = 100,250 and 500 is in line with the
idea that we have to pay for estimating the parameters. Indeed, with respect to
these criteria we have a higher probability of an incorrect signal (EP,) or a higher
probability of getting a smaller run length (ER,, ;) for k = 100,250 and 500. For
E(1/P,) and ER, j with k = 1000 estimation is profitable. An explanation for
the positive bias of F(1/P,) was given above. However, this explanation (some
very high values of 1/P, cause high expectation) can not be used for ER,, j, since
R, 1 is bounded by 1. Therefore, to explain the positive bias of ER,, j we use
Jensen’s inequality later in this section. (I

In order to develop correction terms such that accurate control charts are obtained
for smaller sample sizes, as well as to understand the reason that more observations
are needed here than were recommended in the earlier days, we need to have more
analytic insight in the problem. Such insight can be provided by asymptotic
methods. More transparent approximations which are used in many statistical
problems are capable of showing the important feature of the problem without
throwing away the accuracy. As a rule, numerical work (alone) cannot give the
insight needed to derive appropriate correction terms.

We start with a first type of asymptotics, which is for a great part based on
asymptotic normality of the estimators. However since, for some criteria, the first
type approximations can not be easily applied, a second asymptotic approach is
considered as well.

Although n plays a very important role in the standard asymptotic method, since
it always deals with a very large number, other variables involved in the model
may also influence the final result significantly, being large as well. Therefore their
effects should not be ignored. For example, a commonly used value for u, is 3,
hence u;l, equals 81, which may be of the same order of magnitude as n for several
situations considered here. Hence, we follow a more delicate way, taking into
account not only n, but also u, in the asymptotical approach. For simplification
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of notation, u is used instead of u, in the rest of the present chapter.
(i) First type asymptotics
We start with a theorem which presents the limiting distribution of P,,, and for

that we put the following condition on the estimator ¢* from Section 2.2.1.

Condition 1 The estimator o* satisfies

<0_* _ 1> 2 —1) 2 N0, 1).

g

This condition holds for o* = & as well as for c* = 7. Next, we define
)
p(u)

so that z is very close to 1 for large values of u. For instance, for v > 0, it holds
that

)

u?

Theorem 2.2.1 Suppose that Condition 1 holds, that w > 1 and that u = 0(n1/2)
as n — 0o, then

uw 1% (1 u?
Pn ~ pyn with Y,L ~ 10gn0rmal <O7 {m} {5 + m})

in the sense that

o8 <%) L N(0,1)

u 1 u2
w\n T 3m=D

as n — oo, uniformly for all sequences u = u(n) satisfying u(n) > 1 and
lim,, oo u(n)n=/2 = 0.

Proof. Let

g (o

A(u)=u+u(0——1).
In view of the definition of ii and Condition 1 we have

A(u)

/1 u?
n + 2(n—1)

2 N(0,1). (2.5)

Direct calculation gives

L ¢ Z(U+A(U))ex —u ufl 2(u
P ut AW ) p{ Aw) 2A”}'
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On the set B = {u>1,|A(u)| < 1} we have, for some constant ¢; > 0,

o (a2 A g T s o)

and hence, noting that

and writing

R(u) = log < u_ zut A(“))) ~ Aw) {% + ZI(“)} - %AQ(U),

u—+ Au) z(u) z(u)
we get
Pn = —L u u u u)lz(u
g () = =500 + RO)1a(0) + Ru)15(0), (2.7

where B denotes the complement of B. In view of (2.5) and (2.6) we obtain
2

R)lpw)]  _ Vit L[ __Aw 5o s

< (a+3) | ———

u 1 u? —+- 2 1 u?
W\ 7w T 3D z(u) »tamD
Since u = o(n'/?) and hence, by (2.5), P(|A(u)| > 1) — 0, it follows that
Bl b

Do, (2.9)
u 1 u?
V7w T 3D

Combination of (2.5), (2.7), (2.8) and (2.9) gives the result. m

Remark 2.2.2 For somewhat larger values of u, it is seen that the estimation
of o is more important than that of u, in the sense that the contribution to the
asymptotic variance due to the estimating o is in the case of u = 3 a factor
u?/2 = 4.5 larger than the contribution due to estimation of . (]

To approximate Eg(P,), in particular when g is one of the functions given in (2.3),
Theorem 2.2.1 suggests the following first type approximation :

2 2
Eg(Py) ~ Eg(pYn) with Y, ~ lognormal <O7 {z(u)} {5 ’ WD '

Taking g(p) = p, this approximation gives

EP, ~p exp {% (ﬁf (% 4 2(71“721)) } . (2.10)
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1
For g(p) = s this approximation gives

i) Gt} e

Remark 2.2.3 Note that EP,/p and E(1/P,)/(1/p) have the same first type
approximation, which is greater than 1. Hence, the first type approximation gives
a positive bias for P, and 1/P,. In this sense the approximation P, = pY, with
Y, a lognormal distribution with = 0 does what it should do, cf. Remark 2.2.1
and Remark 2.2.4 below. O

Finally, for g(p) = 1 — (1 — p)* the first type approximation leads to

E{l-(1-P)'}=~E{1-(1-pY)"}

£ Qeenfir () ()}

J

(2.12)

The first type approximations of EP, and E(1/P,) are easily applied, but the
first type approximation of E'R,, j is more complicated. Therefore, in the follow-
ing subsection we take a slightly different and more direct approach focusing on
expectations rather than (limiting) distributions.

(ii) Second type asymptotics

Restricting attention to expectations, it should be remarked that the (2k — 1)th
and (2k)!" moments of A(u) are of the same order of magnitude. Therefore, in
terms of expectations it seems more natural to consider not only terms of order
A(u), but also of order A?(u).

Here, we are going to find an approximation of Eg¢(FP,), in particular when g is
one of the functions given in (2.3). Since according to (2.2)

Pn6<u+u“—) =T (u+ Au)),
g g

we use the notation h(u) = g(®(u)) to investigate the second type approximation
of Eg(P,) = Eh(u+ A(u)) using the two-step Taylor expansion as follows:

Eh(u+ A(u)) = h(u) + 1 (u) EA(u) + %h”(u)EAQ(u). (2.13)

The following table presents the derivatives of h for g given in (2.3).



20 Normal Approach

Table 2.3 Derivatives of h for the functions g given in (2.3).

9(p) h(u) W (u) ' (u)

P P (u) —¢(u) up(u)

1 1 p(u) 20%(u)  up(u)
p P(u) O o (u) D (w)

1—(1—pk | 1-0%w) | —ko(u)®*1(u) | —k(k—1)©?(u)®*2(u)
+ kup(u)®F1(u)

Remark 2.2.4 In Remark 2.2.1 an argument has been given to justify the oc-
currence of the positive bias of both EP, and E(1/P,). The argument could not
be applied on ER,, j. In addition, the positive bias of EP,, E(1/P,), and ER, j
for k = 100, 250, 500, and the negative bias of ER, 1000 can be explained using
Jensen’s inequality as follows. If i is a convex function, then Jensen’s inequality
gives Eh(X) > h(EX).

Consider Eg(P,) = Eh(u+ A(u)). For p = 0.001 we have u = 3.09 and further,
A(u) converges to 0, implying that u + A(u) gives high probability to a neighbor-
hood of 3. If g(p) = p or g(p) = 1/p, then from Table 2.3 we have h”(u) > 0 for
u > 0, and hence in both cases the function h is convex for u > 0. Therefore,
Jensen’s inequality strongly suggests that Eh(u + A(u)) > h(u + EA(u)) = h(u),
implying EP, > p and E(1/P,) > 1/p.

If g(p) = 1 — (1 — p)¥, where k = 100, 250,and 500, we can see from Table 2.3
that h”(u) > 0 for u > 2.375, u > 2.689, and w > 2.908, respectively. Hence,
the function h is convex for these combinations of u— and k—values. Therefore,
Jensen’s inequality suggests that ER,, = Eh(u+A(u)) > h(u+EA(u)) = h(u) =
1—(1—®u))*=1-(1-p)*, for k=100, 250,and 500.

For g(p) = 1—(1—p)'%% we have h”(u) < 0 for u < 3.115, and hence the function
h is concave for v < 3.115. Therefore, Jensen’s inequality suggests ER, 1000 =
Eh(u+ A(u)) < h(u + EA(u)) = h(u) =1 — (1 — p)1990,

This explains the positive bias of EP,, E(1/P,), and ER, j for k = 100, 250 and
500 and the negative bias of ER,, 1000 as seen in Table 2.1. O

The following theorem gives an upper bound for the (relative) error of the approx-
imation. We impose Conditions 2 and 3 on the estimator ¢*. It can be shown
that the two conditions hold for * = & and ¢* = 7.
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Condition 2 The estimator o* satisfies
EA3(u) = O(u®n™2), EA*(u) = O(u*n™2),

BlA@I e {ulaw] + 52%0) |

O(u*n=?),

1
B1AI" exp {ulA()] + 52%0) | = Own=),
foru > 1withu = O(n**) asn — .
Condition 3 The estimator o* satisfies,

EA3(u) = O(uPn™?), EA*u)=O(u'n"?),

foru>1 with u= O(n1/4) asn — oo.

Theorem 2.2.2 Suppose that u > 1 and that u = O(n'/*) as n — co. Assume
that h is 4 times differentiable.

(i) Suppose that Condition 1 holds and that for some constants ca > 0 and c5 > 0

W (u) h* (u+y) 4 5 1,
h(u) W‘ < es(u* +1y|”) exp {u ly| + §y }, (2.14)

for allu>1 and all y € R, then

< cou® and

‘Eh(u + A(u)) — h(u) B (u)EA(u) + 20" (w) EA?(u)

(ii) Suppose that Condition 2 holds and that k"' and h** are bounded, then

umn

‘Eh(u + A(u)) — h(u) — {h’(u)EA(u) + %h”(u)EAQ(u)H = O(u*n™2).

Proof.
(i) By Taylor expansion we get, for some 0 <7 < 1,

Eh(u+ A®)) = h(u) + b'(w) EA(w) + %h”(u)EAQ(u)

5
and hence, by (2.14) and Condition 2, we have

h
() EAY ) + o BR (-4 A ) A ),
)

Eh(u+A(u) = h(u)  F(u)EA(u) + Sh () EA? (u)
h(u) h(u)
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1 1 1
< —eou® |BAYW)| + —c3 { <u4 n |A(u)|5) |A(u)[* exp {u |A(u)] + —AQ(U)}}

6 24 2

=0 (usnfg).
(ii) By Taylor expansion we get, for some 0 <7 <1,
1
Eh(u+ A(u)) = h(u) + b (u)EA(u) + §h”(u)EA2(u)
S ) BN () + 5 BN (u -+ () A (o),

and hence, since "’ and h* are bounded and Condition 3 holds,
1
Eh(u+ A(u)) — h(u) — {h'(u)EA(u) + §h”(u)EA2(u)H

< ey {|BA*(w)| + EAY(u)} = O (u'n™?).

Using

D(u) = # (14+0(1)) as u — oo,

it can be shown that (2.14) is satisfied for h(u) = g(®(u)) with g(p) = p and
g(p) = 1/p, and that A" and h** are bounded for g(p) = 1 — (1 — p)¥. Hence, the
relative error in the approximation (2.13) is O(u®n~2) for g(p) = p and g(p) = 1/p.

As argued before, for g(p) = 1 — (1 — p)* we consider the absolute error, which is
O(u*n=2).

Further calculation gives

*

2
1 *
EA(u) = uE ("— - 1) and EA2(u) = — + uE ("— - 1) .
o n o
In particular, for o* = o we get
> 1, (D()r(5)
EA(u) =0 and EA®(u) = - +utd —=————-="-—1>7. (2.15)
Writing EA%(u) = a(u,n) in (2.15), we get for o* = &
1
EA(u) = u{ca(n) — 1} and EA%(u) = — — 2u? {ca(n) — 1}, (2.16)
n
where c4(n) is as given in Section 2.2.1. Inserting the derivatives of h, given

in Table 2.3 and (2.15) in (2.13) leads to the following approximations for the
estimator o* = 7:
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1
EP, =~ p+

Sl ug(w)

1 1 1 202 (u wp(u
Blp) = b+ datn {220 vel)]
ER,, =~ 1—(1—p)k+%a(u,n)
{—Fk(k (u)(1 = p)* % + kuep(u p)Fh (2.17)

From (2.17) we can see that the second type approximations also give positive bias
for P, and 1/P, as they should do.

A further simplification can be obtained by realizing that

n+lyp(n=l
%;(22)%14-%. (2.18)

Using this approximation we get for o* =&

1u?+2
EP, =~ p+§ 2+ up(u)
1 1 Tu2+2 [2¢0%(u)  up(u)
E(_) ~ + 3 - 2
P, 2 2n p P
lu?+2
ER,p ~ 1—(1-p)+
Ry k (1-p)"+ 2 o
{—k(k (w)(1 —p)* % + kup(u p)F . (2.19)

Remark 2.2.5 In a similar way, using (2.16), approximations of EP,, E(1/P,)
and FR, j can be evaluated when o* = 7. [l

The following tables compare the approximation results with the simulation results
for the first two functions given in (2.3). From these tables we can see that both
the first type approximation and the second type approximation represent EP,
and E(1/P,) very well.

According to the first type approximation and the second type approximation,
EP, has already a relative error smaller than 10% for n > 345 and n > 302,
respectively. This seems in line with the result of the simulation which gives
n > 312, cf. Table 2.4. Similarly, we get for g(p) = 1/p that according to the first
type approximation and the second type approximation, E(1/P,) has a relative
error smaller than 10% for n > 345 and n > 356, respectively. This agrees very well
with the result of the simulation. The table shows that both type approximations
are very accurate.
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Table 2.4 The comparison of the relative error of Eg(P,) for g(p) = p and
g9(p) = 1/p with p = 0.001.

9(p) p 1/p

n simulation | 15t-app | 2"%-app | simulation | 1¥*-app | 27%-app
25 167.0 287.5 125.4 702.0 287.5 147.8
50 72.9 94.6 61.4 132.8 94.6 72.4
75 45.0 595.95 40.6 70.5 59.95 47.9
100 32.6 39.1 30.4 47.2 39.1 35.8
150 21.5 24.5 20.2 28.5 24.5 23.8
200 15.8 17.9 15.1 20.0 17.9 17.8
250 12.5 14.0 12.1 15.5 14.0 14.2
300 10.4 11.6 10.0 12.8 11.6 11.8
350 8.8 9.8 8.6 10.9 9.8 10.2
400 7.7 8.5 7.5 9.5 8.5 8.9
450 6.9 7.6 6.7 8.2 7.6 7.9
500 6.2 6.8 6.0 7.5 6.8 7.1

Table 2.5 The comparison of the absolute error of ER,, j, for p = 0.001.

k = 1000 k = 500 k = 250 k =100

n simul. | appr. | simul. | appr. | simul. | appr. | simul. | appr.
25 3.56 | 4.13 6.65 | 17.34 | 10.53 | 17.80 8.70 | 10.13
50 2.28 | 2.02 4.71 | 8.49 6.63 | 8.71 4.77 1 4.96
75 1.65 | 1.34 3.62 | 5.62 4.75 | 5.77 3.19 | 3.28
100 1.29 | 1.00 2.92 | 4.20 3.68 | 4.31 2.39 | 245
150 0.81 | 0.66 223 | 2.79 2.63 | 2.86 1.63 | 1.63
200 0.57 | 0.50 1.78 | 2.09 2.02 | 2.14 1.22 | 1.22
250 0.44 | 0.40 147 | 1.67 1.63 | 1.71 0.98 | 0.98
300 0.36 | 0.33 1.26 | 1.39 1.38 | 1.43 0.82 | 0.81
350 0.33 | 0.28 1.07 | 1.19 1.17 | 1.22 0.69 | 0.70
400 0.29 | 0.25 0.95 | 1.04 1.03 | 1.07 0.61 | 0.61
450 0.22 | 0.22 0.88 | 0.93 0.94 | 0.95 0.55 | 0.54
500 0.22 | 0.22 0.79 | 0.83 0.84 | 0.85 0.49 | 0.49

Since the first type approximation for the third function is rather cumbersome,
it is not carried out further. However, the comparison of this function using the
second type approximation is presented in Table 2.5. It is seen from Table 2.5 that
also for 'R, ;, the second type approximation is very accurate, in the sense that
the results of this approximation agree very well with the results of the simulation.

Table 2.6 compares the simulation results with the approximation results in terms
of the sample sizes needed to get the required accuracy, given by (2.4) for g(p) = p
and g(p) = 1/p and by an absolute error smaller than 1% for g(p) = 1 — (1 —
p)*. This table shows that the two types approximations are highly accurate for
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representing the expectation of the performance characteristics P, 1/ P, and Ry, 1,
with £ = 100, 250, 500, 1000.

Table 2.6 Comparison of the first and second type approximation of the needed
sample size with simulation results.

1% type approx | 2™? type approx | simulation
EP, 345 302 312
E(1/P,) 345 356 377
ER, 1000 - 101 124
ER, 500 - 417 381
ER,, 250 - 428 419
ERy 100 - 244 243

2.2.3 The effect of the estimation error for the exceedance
probability

So far, we have only used the expectation as a criterion to investigate the per-
formance characteristics P, 1/P, and R, ( with & = 100, 250, 500, 1000) of
the control chart. This criterion, however, only captures part of the picture and
is merely useful for the long term behavior of the chart over a series of separate
applications. In the case that we also want to control the probability that er-
rors beyond a certain level occur in a single application, it is more interesting to
investigate the following exceedance probability criterion:

P,)—
P (w > e>, (2.20)
9(p)
where g is an increasing function, and
P,) —
9(p)
if g is a decreasing function, and where in both cases € is a small non-negative

number.

The exceedance probability criterion can be considered as more ambitious than the
bias criterion, since controlling each separate case is harder than controlling the
average long term behavior. An illustration of this fact is given in what follows,
where g is tacitly assumed to be positive . Using P, in (2.2) with g(p) is an
increasing function, the exceedance probability in (2.20) can be written as:

P(M + u%* <3 " {g_l(g(p)(l + E))}), (2.22)

g

whereas, if g(p) is a decreasing function, (2.21) can be written as:
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P(M + u% <3 " {97 (9(p)(1 - g))}). (2.23)

g

Using 0* = &, expressions (2.22) and (2.23), subsequently can be written in the
form

Z S

where the r.v. Z has a standard normal distribution function and is indepen-
dent from S. In this case, of course, b depends on g and e. For example,

referring to the functions given in (2.3), b equals 571(])(1 + ¢€)), 571(])/(1 —
—1 1/k

&) and & (1= [1={1-(1=p)*}(1+2)]"") for g(p) = p, g(p) = 1/p and

g(p) =1 — (1 — p)*, respectively.

Modifying the expression (2.24) a little bit further, we get

Z S Z S Z +bnt/? 12

= an,lﬁbnl/z(unlﬂ) =1—=Gqppr/2 (un'/?), (2.25)

where G,—1 5 stands for the distribution function of the noncentral ¢-distribution
with n— 1 degrees of freedom and noncentrality parameter ¢ (cf. Ghosh, Reynolds
and Hui (1981) for earlier use of the non-central ¢ in this connection). Of course,
in case we use 0* = 7, we need to change u to u/(cg(n)).

Using (2.25) and (2.20) we can evaluate the effect of the estimation error using
the exceedance probability criterion. The following equation which is the realized
value of the exceedance probability shows how large the effect is of the estimation
error if we apply no correction term on the control limits.

& =G,y pisep(n?u), (2.26)

To see the effect under the three different functions given in (2.3) we use € = 0.1
and p = 0.001 and present the realized value of the exceedance probability in the
following table.

Recall that in this table, b not only depends on €, but also on g. For example, if
we use € = 0.1 and p = 0.001 we get for g(p) = p, b = 5_1(])(1 +¢)) = 3.062,
and for g(p) = 1/p, b = 571(])/(1 —¢) =3.059. For g(p) =1— (1 —p)*, b=
& (1-[1-{1-(1=p)*} (1 +2)]""), which for k = 100, 250, 500 and 1000,
respectively equals 3.123, 3.125, 3.130 and 3.141.



2.3 Corrected normal chart 27

Table 2.7 The realized value of the exceedance probability as in (2.26) with e = 0.1
and p = 0.001

9(p) P 1/p 1-(1-pP*
k=100 | k =250 | k =500 | k& = 1000
n=25 | 05104 | 0.5080 | 0.5092 | 0.5071 | 0.5020 | 0.4914
n =50 | 04903 | 0.4868 | 0.4885 | 0.4856 | 0.4797 | 0.4633
n =75 | 04784 | 0.4741 | 0.4762 | 0.4725 | 0.4653 | 0.4452
n =100 | 0.4695 | 0.4645 | 0.4669 | 0.4627 | 0.4544 | 0.4313
n =150 | 0.4558 | 0.4498 | 0.4527 | 0.4475 | 0.4374 | 0.4003
n =200 | 0.4451 | 0.4381 | 0.4416 | 0.4356 | 0.4239 | 0.3917
n =250 | 0.4361 | 0.4283 | 0.4321 | 0.4255 | 0.4125 | 0.3768
n =500 | 0.4028 | 0.3920 | 0.3973 | 0.3880 | 0.3702 | 0.3218
n = 1000 | 0.3590 | 0.3442 | 0.3514 | 0.3389 | 0.3150 | 0.2521
n = 2000 | 0.3015 | 0.2822 | 0.2916 | 0.2753 | 0.2449 | 0.1701
n = 5000 | 0.2029 | 0.1788 | 0.1903 | 0.1704 | 0.1354 | 0.0646

Comparing Table 2.7 with Table 2.1, we can see that the exceedance probability
criterion imposes a stronger requirement than does the bias criterion. As shown in
Table 2.1, for example, with g(p) = p where p = 0.001, the bias criterion already
satisfies the requirement |EP,, —p|/p < 0.1, for n > 345, whereas with much larger
n, say n = 500 the exceedance probability criterion produces P((P, — p)/p >
0.1) = 0.4, as shown in Table 2.7. The result shows that the new criterion needs
much larger sample sizes to reduce the probability to reasonable levels like 0.1 or
0.2.

Also for the case g(p) = 1/p, already for n > 500, the first criterion gives a relative
error smaller than 0.1, while the second criterion results in a quite high value of
0.39. The same situation holds for g(p) = 1 — (1 — p)*, where k = 100, 250, 500,
and 1000. Also in this case, the exceedance probability criterion needs much larger
sample sizes to reduce the probability to reasonable levels like 0.1 or 0.2.

To end the present section, we observe that the estimation error leads to an inac-
curate control limit. This can be fixed by either enlarging the sample sizes or by
developing a correction term for the control limits. The second option will be the
main topic to be discussed in the following section.

2.3 Corrected normal chart

It has been shown in the previous section that for observations having a normal
distribution with unknown parameters p and o, we have to use a large number of
observations to get an accurate control limit. To reduce the sample size needed
to get the accurate control limit, we modify the initial control limit given in (2.1)
by adding a correction term. Hence, the corrected control limit will be somewhat
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larger or smaller than the initial control limit. To derive the correction term we
apply bias and exceedance probability criteria as follows.

The first criterion is based on the bias of E'P,, with respect to p, or in a more general
form Eg(P,) with respect to g(p): require e.g. that the relative error is at most
10%, that is |[Eg(P,) — g(p)|/g(p) < 0.1. Hence, for p = 0.001 the expected false
alarm rate in the estimated chart should stay between 0.0009 and 0.0011. Similarly,
E(1/P,) can be required to lie between 900 and 1100. The exceedance probability
criterion, on the other hand, intends to restrict P((P, — p)/p) > €), where € is a
small non-negative number, to be smaller than a specified small positive number
(). This probability indicates how likely it is that Phase I observations produce
an outcome of, e.g. if ¢ = 0.1, P, larger than 0.0011 when p = 0.001. As in the
bias criterion, the exceedance probability criterion can also be extended to a more
general function g(p), hence producing P((g(P.) — g(p))/9(p) > €) < a if g is an
increasing function, and P((g(P,) — g(p))/g(p) < —€) < a if g is a decreasing
function.

The following subsections present the derivation of the correction terms using each
criterion separately.

2.3.1 Bias criterion

It has been demonstrated in Section 2.2.2., by simulation as well as by asymptotic
theory, that huge sample sizes are needed to get accurate control chart limits
when estimators are simply plugged in. In order to get an accurate control limit
for commonly used sample sizes we apply a correction term.

The idea is as follows. Starting with an UCL which has, for known parameters u
and o, a probability p of incorrectly concluding that the process is out-of-control,
we arrive at a value unequal to p. Therefore, we change the starting value p to
g, say, in such a way that, when estimating p and o, we end up with E(P,) = p,
or at least close to it (of course, we may generalize p to g(p) with its stochastic
counterpart g(P,)). In other words, we do not use u, but use u, for an appropriate
value of ¢. Instead of uy, we write u + ¢ with ¢ being the correction term, which
depends on g. Using this scenario, the corrected UCL becomes

UCL, = 4+ (u+c)o”, (2.27)
and the corresponding P, cf. (2.2), becomes

P,=P(Xpi1 >0+ (u+c)o™) 5<M0—u+(u+c)%) . (2.28)

Indeed, when g(p) = p, simulation for the case ¢ = 0 shows that EP, > p and
hence, we need a larger UCL or ¢ > 0. When ¢(p) = 1/p, simulation for the case



2.3 Corrected normal chart 29

¢ = 0 shows that E(1/P,) > 1/p and hence P, should be larger in order to get
E(1/P,) = 1/p, that is, we need a smaller ULC or ¢ < 0. When, for instance,
looking at E'P,, which is larger than p, one might argue that the corrected UCL
could be obtained by simply adding ¢ to it. Hence, the new UCL equals i+uc*+¢.
However, the smaller ¢, the smaller such ¢ should be. Accordingly, we could replace
it by co. As o is unknown, we should estimate o by ¢*, thus arriving at the same
form of the corrected UCL as in (2.27).

Remark 2.3.1 The replacement of the estimator & in the control limit by & is
meant to get an unbiased estimator of o. However, in fact the problem is not to
get an unbiased estimator of o, but to have an unbiased estimator of g(p). Since
g(p) is a nonlinear function of o, it is not enough to replace S by . Apart from
the correction factor c4(n), a further correction factor ¢, say, is needed. Instead of
writing u ¢ (S/cs(n)) = u é, we may also write (u + ¢)7, thus obtaining the form
mentioned before. Notice that it does not matter whether we start with & or with
0. After the correction we arrive at the same UCL. g

To calculate an appropriate correction term ¢ we need insight in the way FEg(P,)
changes, when a correction term c is added to u. The asymptotic methods devel-
oped in the previous section give an answer to this question.

We start with the first type approximation given in (2.10). Replacing u by u + ¢
and then equating F P, to p leads to the following equation:

6(u+c)exp{% (Z(“TJ;CC))Q (%Jr%)} —p=T(u).

5 z(u)
P(u) = p(u)—=,
u
taking logarithms, expanding with respect to ¢ and deleting terms of order ¢? and
of order cn™! we arrive at

w53 (t) (ean)

B u(u? +2)
= (2.29)

Using

and hence

Similarly, in view of (2.11), in order to get E(1/P,) close to 1/p the correction
term based on the first type approximation equals

B _u(u2 +2)
i ) (2.30)
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which is exactly the opposite of the correction term for g(p) = p. Note that, as
argued before, indeed the correction term for g(p) = p turns out to be positive
whereas the correction term for g(p) = 1/p is negative.

Next we consider the second type approximation, cf. (2.13),
Eh(u+c+A(u+c)) = hlut+c)+h(u+c)EA(u+c)
—l—%h”(u + ¢)EA%(u 4+ ¢).
Ignoring terms of order ¢? and lower order terms like cEA(u), etc., that is replacing

h(u+ c) by h(u) + ch'(u) and I/ (u+ ¢)EA(u + c) + 21" (u+ ¢)EA*(u+ ¢) by its
leading term /(u)EA(u) + $h” (u)EA?(u), the correction term c is given by

cwwyuﬂmEAwy+§wmmA%m:o

Hence, we get
LA"(u) - ro
=—FA(u) — = EA . 2.31
c= ~EAW) - § s BAYw) (231)

Taking o* = & and applying the further simplification given in (2.18), this reduces

to
(u? +2) B’ (u)

=—-—" . 2.32
¢ dn  Rh/(u) (2:32)
In particular, we get
2
2
¢= % if 9(p) = p
u? + 2 2¢(u) . 1
c= ™ {u -, } ifg(p) = p (2.33)

u? +2 {u (k= 1Dp(u)

o } if g(p) =1 — (1 —p)~.

Since, for large u,

~—

o) _ o2 o,
d(u

p (u)
the correction term for g(p) = 1/p approximately equals minus the correction term
of g(p); the latter is positive, the first one is negative as they should be. Moreover,
both correction terms are close to the first type correction terms, given in (2.29)
and (2.30), because z(u) = 1+ O(u™?2) as u — oc.

Since we always take k < (2/p) — 1, the correction term for g(p) =1 — (1 —p)* is
smaller than that of g(p) = p and larger than that of g(p) = 1/p.
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For g(p) = p, it is even possible to get an exact correction term if the distribution
of o* is manageable. If o* = 7, then we have

EP,=P(Xy41 >0+ (u+0)o).
Since

Xny1 — ﬁ _ Xny1 — ﬁ
o S/ea(n)

/ 1
has the same distribution as y/1 4+ —c4(n)T},—1, where T),_1 has a Student distri-
n

bution with n — 1 degrees of freedom, the exact correction term for g(p) = p is
given by

1
c=1/1+ 504(71)7571—1;;; —u, with P(T),—1 > tp_1,) = p. (2.34)

Remark 2.3.2 If 0* = &, the exact correction term equals

/ 1
c=14/1+ —tn_1,, — v and of course the same control chart is obtained. O
n

Remark 2.3.3 The control chart with the exact correction, given in (2.34), can
already be found on page 1806 of Ghosh, Reynolds and Van Hui (1981). It cor-
responds also to the so called Q-chart, presented by Quesenberry (1991), when
applying (7) on page 215 of that paper with r = n+ 1. The idea of using an exact
correction term for the control limits was introduced for the first time by Hillier
(1969). This correction term is based on a small number of subgroups with the
average range as an estimator of 0. Yang and Hillier (1970) proposed a similar
correction term using average subgroup variance and sample variance as estima-
tors of 2. Roes, Does and Schurink (1993) present exact corrections for control
charts with several other estimators as well. g

Remark 2.3.4 The correction terms are mostly positive, leading to a larger UCL.
Exceptions are g(p) = 1/p and g(p) = 1 — (1 — p)* with k& = 1000. For g(p) = 1/p
this is due to the fact that in that case a substantial positive bias occurs, when
estimators of the parameters are plugged in, although the function g is decreasing.
Explanations of this phenomenon are given in Subsection 2.2.2.

The bias of ER,,  is slightly negative, while g(p) = 1 — (1 — p)* is increasing. A
reason for it has been given in Remark 2.2.4. As a consequence of the negative
bias, the corresponding correction term is slightly negative. O

The following table provides the various correction terms for the functions g given
in (2.3).
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Table 2.8 Correction terms for Eg(P,) with g(p) = p, g(p) = 1/p and g(p) =
1—(1—p)* and p = 0.001.

ED, E(1/P,)

n | exact | 15 type | 279 type | 15 type | 27 type
10 | 1.2931 | 0.9722 0.8923 -0.9722 -1.0521
20 | 0.5296 | 0.4861 0.4461 -0.4861 -0.5261
30 | 0.3325 | 0.3241 0.2974 -0.3241 -0.3507
40 | 0.2423 | 0.2431 0.2231 -0.2431 -0.2630
50 | 0.1906 | 0.1944 0.1785 -0.1944 | -0.2104
60 | 0.1570 | 0.1620 0.1487 -0.1620 | -0.1754
70 | 0.1335 | 0.1389 0.1275 -0.1389 | -0.1503
80 | 0.1162 | 0.1215 0.1115 -0.1215 -0.1315
90 | 0.1028 | 0.1080 0.0991 -0.1080 | -0.1169
100 | 0.0922 | 0.0972 0.0892 -0.0972 | -0.1052

ER, 1000 | ERns00 | ERp250 | ERpj100
n 2™ type | 2 type | 27 type | 279 type
10 -0.0799 0.4067 0.6499 0.7959
20 -0.0400 0.2033 0.3250 0.3980
30 -0.0266 0.1356 0.2166 0.2653
40 -0.0200 0.1017 0.1625 0.1990
50 -0.0160 0.0813 0.1300 0.1592
60 -0.0133 0.0678 0.1083 0.1327
70 -0.0114 0.0581 0.0928 0.1137
80 -0.0100 0.0508 0.0812 0.0995
90 -0.0089 0.0452 0.0722 0.0884
100 -0.0080 0.0407 0.0650 0.0796

Table 2.9 Simulation results of Eg(P,) after correction.

Relative Error (%) Absolute Error (%)
n first type second type second type
EPy, E(1/Pn) | EPn, | E(1/Pn) | ERn,1000 | ERn500 | ERn 250 ERu 100

10 60.4 66.3 | 77.1 72.1 2.2 7.2 3.7 0.07
20 8.8 0.7 | 19.6 15.2 1.7 4.1 2.0 0.02
30 1.9 29 9.0 8.3 1.4 2.8 1.3 0.07
40 0.6 4.1 | 4.9 4.1 1.0 2.1 0.9 0.07
50 1.1 2.5 4.1 3.9 1.0 1.3 0.7 0.05
60 1.5 44| 2.7 1.2 0.9 1.1 0.5 0.04
70 1.7 3.0 24 1.2 0.6 0.8 0.4 0.00
80 1.5 271 14 1.0 0.6 0.7 0.3 0.02
90 1.5 2.3 1.2 0.7 0.5 0.5 0.2 0.02
100 | 1.5 20| 09 0.7 0.4 0.5 0.2 0.00
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The effect of the correction terms is checked by simulation of Eg(P,) with the
corrected UCL. Table 2.9 gives the results. This table shows that the correction
terms work very well. It was shown in Subsection 2.2.2 that simply plugging in
the estimators in the control limits requires very large sample sizes to get accu-
rate results. With the correction terms we already have very accurate UCL’s for
common sample sizes like 30. To be more precise, the next table shows for which
n the same criterion is met as in Subsection 2.2.2, a relative error equal to 0.1 for
g(p) = por g(p) = 1/p and an absolute error equal to 0.01 for g(p) = 1 — (1 — p)*.

Table 2.10 The Required Sample Sizes

1% type approx | 2" type approx
EP, 21 29
E(1/Pn) 15 25
ER, 1000 - 43
ER, 500 - 65
ER, 250 - 36
ER, 100 - 10

Comparison with Table 2.6 shows that the correction terms indeed do their job:
the very large sample sizes needed in Subsection 2.2.2 are reduced to common
sample sizes, usually available in practice. For g(p) = p and g(p) = 1/p, the
required sample sizes are reduced from more than 300 to less than 30, while for
g(p) = 1 — (1 — p)*, with k = 1000, 500, 250, and 100, respectively, the sample
sizes are reduced from more than 100 to less than 45, from more than 400 to only
65, and from more than 400 to less than 40, and from more than 200 to only 10.

Applying o as estimator of o, we therefore propose the following UCL’s for the
bias corrected control charts i + (u + ¢)o:
e with for the first type approximation : if g(p) = p then c is given by (2.29),
and if g(p) = 1/p then c is given by (2.30)

e with for the second type approximation : if g(p) is any of the three functions
mentioned in (2.3) then c is given by (2.33).

e with exact correction term ¢ given by (2.34) if g(p) = p.
To show how these correction terms for controlling the bias work, we present the
application of the various control limits in a real data example.
Example 2.3.1

Data on charge weights of an insecticide dispenser are taken from Table 7.1 on
page 130 of Burr (1979). The first 25 data out of a total of 50 are supposed to be
a preliminary run. The data are as follows.
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472 462 458 476 462 463 464 461 450 479 453 467 458
431 454 476 476 456 498 448 453 470 474 461 467
444 455 455 439 445 456 475 454 452 467 456 466 452
440 451 464 462 470 459 466 476 473 466 480 454

Normal @ — @ plots of the first 25 data and of all data show that normality of the
data is reasonable assumption (p-values of the Anderson-Darling normality test
are 0.47 and 0.67, respectively). For the first 25 observations we get = 463.56
and s = 13.026, while c4(25) = 0.9896. Taking p = 0.001, the UCL without
correction based on the first 25 observations gives: 504.23. Hence, none of the
next 25 observations gives a signal that the process is out-of-control.

Applying the UCL without correction results in the following expected probability
of an incorrect signal (here X5 and Sa5 are the sample mean and sample standard
deviation based on the first 25 observations)

U0.001
ca(25) /1 + 5=

being more than twice as much as it should be. So, indeed a large error is intro-
duced, when dealing with the UCL without correction.

U0.001 S25

= 0.0023
04(25)

P(X26>X25+ ):P Toy >

The exact correction term, given by (2.34), when g(p) = p equals 0.4086. There-
fore, the UCL in this case equals 509.61.

Similarly, we can calculate the other UCL’s with the correction terms for the
configurations as given in Table 2.8. This leads to the following UCL’s.

P 1/p
exact | 15 type | 22 type | 1% type | 279 type
509.61 | 509.35 508.93 499.12 498.69
1— (1 — p)IOOO 1— (1 — p)500 1— (1 — p)250 1— (1 7p)100
15 type 22 type 15 type 2" type
503.81 506.38 507.66 508.42

When all 50 observations are used for setting the control limits, we get £ = 461.32
and s = 12.218, while ¢4(50) = 0.9949. Taking p = 0.001, the UCL without
correction based on all 50 observations gives: 499.27. The remaining UCL’s based
on all observations are as follows

P 1/p
exact | 15 type | 279 type | 15 type | 279 type
501.61 | 501.66 501.46 496.88 496.69
1— (1 _p)IOOO 1— (1 _p)500 1— (1 _p)250 1— (1 _p)IOO
15 type 22 type 15 type 2" type
499.07 500.27 500.87 501.22
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This shows how UCL’s are changing when more observations become available. O

2.3.2 Exceedance probability criterion

In the previous subsection we have discussed the benefits of developing a correction
term based on the bias criterion. Using the developed correction term, an accurate
control limit can be obtained using much smaller sample sizes of about 40 as
compared to 300 without the correction term. However, the bias criterion, which
is focused on the expectation of the distribution, only captures part of the picture
and is merely useful for controlling the long term behavior of the chart over a series
of applications. If we also want to control each application individually, then the
exceedance probability criterion provides an answer to this problem.

As mentioned before, the exceedance probability criterion intends to restrict the
probability of the relative error between g(P,) and ¢(p), as given in (2.20) and
(2.21) to be smaller than «, where « is a small positive number. For the case
g(p) = p, the exceedance probability can be written as

P, —
P( ”p P >e) <a. (2.35)

Substituting P, of (2.28) in (2.20) with ¢ tacitly assumed to be positive, we get
the following expression

P(ﬁf:“ + (u—l—c)%* <3 ! (g_l(g(p)(l—i—f)))). (2.36)

Recall that this equation only holds for an increasing function g(p). For a de-
creasing function g(p), our starting point is (2.21) and we end up with (2.36) with
(1 + €) replaced by (1 — €).

As in the no-correction case, cf. (2.22) and (2.23), (2.36) can be written as

Z S

where a = u+c for 0* = 5, a = (u+c¢)/cy(n) for * = & and where the r.v. Z has
a standard normal distribution function and is independent from S. As usual, b
depends on g and e. For example, referring to the functions given in (2.3), b equals

T lp+e), T p/1-e)and T (1-[1-{1-1-ptta+e)])
for g(p) = p, g(p) = 1/p and g(p) = 1 — (1 — p)*, respectively.
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Modifying the expression (2.37) a little bit further, we get
Z S Z S Z 4 bn'/? 12

=G 1 pn1s2 (an'/?) =1 — Gt pnt/2 (anl/?), (2.38)

where as before, G,,—1 s stands for the distribution function of the noncentral ¢-
distribution with n — 1 degrees of freedom and noncentrality parameter §, and

Gn71,6 =1~ Gn71,5~

——1
—1/2 * >
1 (o). For o* =&

n—l,n2b( ) ’

we have a = u + ¢ and hence the correction ¢ which precisely produces equality in
(2.36), is given by

Consequently, an outcome a will result for a = n

c= n—l/Qé,,jiLbnl/? (o) —u, (2.39)

For 0* = 7, the factor n=/2 in (2.39) becomes n~/2 c4(n), as a = (u + ¢)/ca(n)
in this case.

Hence for any combination of n, p,e and «, the exact correction ¢ can now readily
be evaluated using (2.39).

Recall that Table 2.7 shows how bad the situation is if we apply no correction
term in the control limit. Therefore, the exact correction term given in (2.39) will
be very useful to reduce the effect of the estimation error presented in the table.
In the following table we provide some examples of the exact correction terms to
show that the resulting corrections are indeed quite (to very) large.

Table 2.11 The exact correction terms as in (2.39) with e = 0.1, & = 0.1 and
p=0.001

n |glp)=p|9lp)=1/p g(p) =1-(1—p)*
E=100] k=250 | k=500 | k = 1000
25 | 0.757 0.753 0832 | 0835 | 0.840 0.854
50 | 0482 0.479 0552 | 0555 | 0.560 0573
75 | 0374 0.371 0442 | 0445 | 0.450 0.463
100 | 0.314 0.310 0381 | 0383 | 0.338 0.401
150 | 0.245 0.242 0310 | 0313 | 0.318 0.330
200 | 0.205 0.202 0270 | 0273 | 0278 0.289
250 | 0.179 0.175 0.243 | 0246 | 0251 0.262
500 | 0.115 0.112 0178 | 0.181 | 0.186 0.197
1000 | 0.072 0.063 0.134 | 0.137 | 0.141 0.153
2000 | 0.042 0.038 0104 | 0106 | 0.111 0.122
5000 | 0.015 0.012 0.077 | 0.080 | 0.084 0.096
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Although the correction in (2.39) is exact, however, it does not show how matters
depend on n, p, €, @ and g. In practice, such qualitative information would
be quite valuable to allow sensible behavior. Hence in the following paragraphs
we shall present a simple and transparent approximation which does reveal such
relationships.

Firstly we present the approximation to (2.37). Let Z be a N(0, 1) random vari-
able, independent of S? from Subsection 2.2.1. Moreover, let r be a fixed positive
constant and define

Fo(z) = P((r> +1)"Y2{rZ + (2n)'/2(S)o — 1)} < ), (2.40)

then we have the following result.

Lemma 2.3.1 The distribution function from (2.40) satisfies

125 22—
Fu(z) = (z) + —2 @) {—3 !

{2+ )n)i2 30711 1)} +0(n™"). (2.41)

Hence in particular, we have that Fy,(x) = ®(x) + O(n~1/?).

Proof. It is well-known that (n — 1)52/0? is x2_,-distributed and as such can
be represented by Z?__ll Z?, where Zy,- -+ , Z,_1 are independent N (0, 1) random

variables. This fact not only implies asymptotics normality for (n — 1)S?/o? by
virtue of the central limit theorem, but also allows further refinements in the form

of Edgeworth expansions (see e.g. Bickel and Doksum (2001), p. 318).
Let Fo(z) = P({(n — 1)/2}/2(52/0® — 1) < z), then we not only have that

F,(x) = ®(x) + O(n~'/?), but for example also
. 2120p(x _
Fo(x) = ®(z) — T/(Q)(ﬁ ~1)+0(n™). (2.42)

Next, consider S instead of S2. Let F*(x) = P({2(n —1)}/2(S/o — 1) < ), then

F¥(x) = P(S?/o? =1 < 2{2(n—1)} 2z +{2(n—1)} '2?) = F,(z+ (8n) "/ %z?).
(2.43)

Combination of (2.42) and (2.43) readily gives that

2120p(x)

Fiw = o)+ AP i s@ - phrow. 2y

3
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As Z and S are independent, it is immediate that

PUrZ+{2(n— D}V2(S/o — 1)} < 2(r2 +1)1/2) = /F;(x(r2 F1)M2 - r2)dd(2).
(2.45)

Straightforward calculation shows that substitution of (2.44) into (2.45) indeed
produces the right-hand side of (2.41). It remains to note that the difference
caused by using (2n)'/2 in F,(z) (see (2.40)) and {2(n — 1)}'/? in (2.45), is of
order n=1 as well. m

Corollary 2.3.1 Let &, o be the lower a-quantile of F,,, then &, o satisfies

no = 2 I N O O(n™1) (2.46)
me = e T2 n) /2 302 + 1) e '
Hence in particular, we have that &, = —ua + O(n=?).

Proof. From (2.41) it follows that F},(z) = ®(z+273/2{(r?+1)n} /2 {1 — (2% — 1)
/(3(r? +1))}) + O(n~1) and thus that a = F,,(£n.0) =

P(Epa +2732{(r? + Dn} 2 {1 (2, —1)/(B3(r*+1))}) + O(n~'). This in its
turn implies (2.46). m

Next, the approximations for the correction term are derived to reveal the rela-
tionship between ¢ and n, p, €, a and g.

Lemma 2.3.2 For the correction term ¢ from (2.39) we have that, for c* =&,

b2 42\ "2 b 5, , (1, 1 5
=b— ol —= — I =p?+1 Zp2 4= —3/2).
c=b—u+tu ( ™ ) +(b2+2)n{(12b + )ua—i-(gb +2)}+O(n )

(2.47)

Recall that b depends on g, p and €, in which for g(p) = p, b = 5_1(17(1 +
——1

€)), for glp) = 1/p, b = ® (p/(1 —¢), and for g(p) = 1 — (1 —p)*, b =

3 (1 -[1-{1-a-pkla +5)}1/k>. For o* = G, the term b2/3 +1/2 in

(2.47) should be replaced by b*/12. Hence in particular we have for either choice
of o*

B2 9 1/2
c:b—u—l—ua( 2; ) +0(n™h). (2.48)
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Proof. We need to evaluate P = P(n~Y2Z 4 aS/o < b), where a = u + ¢ for
o* =05, a=(u+c)/ca(n) for o* = 7. After some rearrangement we obtain

P=P((2Y2/a)Z + (2n)Y*(S/o — 1) < (2n)/2(b/a — 1)), (2.49)

and thus we apply Lemma 2.3.1 with r = 21/2/a, which leads to

P =F,((b—a){(2n)/(a® + 2)}/?). (2.50)
The desired result P = a is achieved if ¢ (and thus a) is chosen such that
(b—a){(2n)/(a®> +2)}/2 =& 0. As Ena = —uq + O(n~Y2), it follows that

a=0b+us{(a®+2)/(2n)}"/? + O(n~1), and thus

b2 +2
2n

a= b+ua< >1/2+O(n1). (2.51)

Note that (2.51) implies that {(a?+2)/(2n)}'/2 = {(b*+2)/(2n)}'/% +buy/(2n) +
O(n=3/?). Combination of this fact with (2.46) and (2.51) produces (2.47) after
straightforward computation. Finally, if we go from ¢* = & to ¢* = 7, then
a = u+c changes into a = (u+c)/cq4(n), and thus ¢ becomes c4(n)a—u. As cq(n) =
1 — (4n)~ 4+ O(n=3/2), this modification results to O(n~3/2) in the subtraction of
—b/(4n) from the expression in (2.47). m

From (2.48), for each of the two choices of o* we get the following approximation
for the correction term,

b2 9 1/2
+) . (2.52)

~b—

c U+ Uy ( on
By taking into account not only that n becomes large, but also that e (usually) will
be small and that p is small, using the following corollary, further simplification
can be achieved, leading for example for the cases g(p) = p and g(p) = 1/p, to

(2.53)

U2+2 1/2
2n) '

3
CR—— F Uy
U

Corollary 2.3.2 For the case g(p) = p, the correction term c from (2.39) more-
over satisfies
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where |Ri| < Ci(e,p)n~" + Ca(p)e® and |Ro| < Ci(e,p)n~" + Ca(p)e® + Csu™®, in
which the C;,i =1,2,3, are constants depending as indicated on p and/or .

Proof. Since for g(p) = p, b = up(14e), it is immediate that b —u = —ep/p(u) +
O(g?). Moreover, changing b into u in the term of order n~1/2 merely adds a
term of order en~'/2 = O(n~! 4 £2) to the remainder. Finally, as ®(z)/p(z) =
z71 4+ O(z73) for x large, it follows that the second result in (2.54) requires an
additional term O(eu~?), which is covered by adding v =% to the remainder. m

The results given in (2.53) and (2.54) only hold for g(p) = p. Of course, they
can be extended to a more general function, such as a positive function g given
in (2.3). In a more general form, expansion with respect to € (cf. Corollary 2.3.2)
now leads to

b—um® (p+egp)/d(p) —ur—eg(p)/{pw)g (p)} ~ (—e/uh(p), (2.55)

with h(p) = g(p)/{pg’(p)} and the convention that +e is replaced by —e for
decreasing g. Note that this more general form for the first term in (2.52) boils
down to —e/u for both g(p) = p and g(p) = 1/p, while for the third choice we
obtain h(p) = (1-p){(1—p)~*—1}/(kp) =~ (e*? —1)/kp) ~ 1+kp/2 for k such that
kp is small. Hence we may conclude that, no matter which of these three choices
of g is favored by the practitioner, the actual correction to be used is fortunately
(almost) the same.

Remark 2.3.5 For the two-sided case with g(p) = p, (2.53) translates into

w2\ 1/2
c2 =~ *—5 + Uq( p/2> ) (256)

which result, just as in the one-sided case, holds true for the ARL as well.

The derivation of (2.56) is as follows. Here P, from (2.28) is replaced by P(X,41 >
At (2 +0)0™) + P(Xny1 < fi— (ttpya+)0%) = (A~ )0+ (tpys + )™ [0) +
O(—(fi — p)/o + (up2 + c)o* /o). Note that an explicit exact approach (cf.(2.36),
(2.37), (2.38) ) is no longer possible in this two-sided case. Hence we move on di-
rectly to the approximations. To avoid repetition we shall not go into much detail.
Just note that now P, —p ~ —2¢(up/2){up/2(0*/0—1)+c}, which shows that (2.35)
will approximately hold for this case if P(u,/s(0* /0 —1) < —ep/(20(uy/2)) — ) =
a. This in its turn implies in view of (2.44) that

2 1/2
p Up/2
~ — 2.
c 5 +ua< om ) , (2.57)
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cf. (2.54). The first term in (2.57) can be further simplified into —&/u,/9; it is
also straightforward to check that the case of general g is covered here as well by
multiplying this first term by h(p) from (2.55). (Note: h(p), and not h(p/2)!) O

To demonstrate the quality of the approximations, we once more use the exact
method to evaluate the realized exceedance probabilities. In (2.26) the uncorrected
case was considered, and here we collect in Table 2.12

a= énil’n1/2b(n1/2(u +¢)), (2.58)

where ¢ is given by (2.52), by its further refinement (2.47), or for g(p) = p by its
further simplification (2.53), respectively.

Table 2.12 Values of & from (2.58) for g(p) = p with p = 0.001,e = 0.1, = 0.1
and a = 0.2, and ¢ from (2.52), (2.47) and (2.53).

o 0.1 0.2
c (252) | (247) | (253) | (252) | (247) | (253)
n=25 | 0.1548 | 0.1132 | 0.1546 | 0.2514 | 0.2120 | 0.2519
n=250 | 0.1369 | 0.1065 | 0.1373 | 0.2358 | 0.2058 | 0.2362
n=175 | 0.1294 | 0.1043 | 0.1302 | 0.2279 | 0.2038 | 0.2301
n=100 | 0.1252 | 0.1032 | 0.1264 | 0.2239 | 0.2029 | 0.2267
n=150 | 0.1202 | 0.1022 | 0.1221 | 0.2193 | 0.2019 | 0.2231
n =200 | 0.1174 | 0.1016 | 0.1198 | 0.2166 | 0.2014 | 0.2213
n =250 | 0.1154 | 0.1013 | 0.1184 | 0.2148 | 0.2011 | 0.2202
n =500 | 0.1107 | 0.1006 | 0.1156 | 0.2104 | 0.2006 | 0.2189
n=1000 | 0.1075 | 0.1003 | 0.1152 | 0.2072 | 0.2003 | 0.2202
n =2000 | 0.1053 | 0.1002 | 0.1170 | 0.2051 | 0.2001 | 0.2244
n=5000 | 0.1074 | 0.1001 | 0.1235 | 0.2032 | 0.2001 | 0.2354

From Table 2.12 it is clear that the approximations behave as expected: ¢ from
(2.52) converges quite well and seems sufficiently accurate for practical purposes.
Moreover, the refinement indeed is very accurate and converging rapidly, while
(2.53) is reasonable but involves an error which does not vanish as n increases (cf.
(2.54)). As concerns the uncorrected exceedance probability & from (2.26), it is
easily shown (see Corollary 2.3.3) that

a— q><(bu)<“2222)1/2>. (2.59)

Corollary 2.3.3 For the realized exceedance probability & from (2.26) we have
that
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a=F, <(bu)<U2+2>1/2>, (2.60)

2n

which through (2.41) provides an expansion to O(n~1') for &. In particular, we
obtain that

a= @((b—u)(“ZZQ)_W) +0(n~1?). (2.61)

Proof. If no correction is applied, obviously ¢ = 0, and thus a = u. Insertion
of this value into the expression for the realized exceedance probability P from
(2.50), then already produces (2.60). m

Next, we exploit (2.52) and (2.53) to study the behavior of the correction in relation
to n,p,e, a and g.

1) role of n

It was demonstrated in Subsection 2.3.1 that a term w(u? + 2)/(4n) is dominant
in correcting the bias of P,. From (2.53) we see that here a term wu,{(u® +
2)/(2n)}'/2 occurs. Hence it indeed turns out that controlling the variability calls
for stronger intervention: it requires a term of order n~=!/2 rather than of order n=!.
Consequently, much larger sample sizes are needed before this type of correction
becomes negligible and thus superfluous. To be more specific consider g(p) = p or
g(p) = 1/p and note that 'no correction’ means ¢ = 0. Hence (2.52) and (2.53)
immediately supply approximations to the minimal sample size for which (2.35) is
met without correction:

n =~ %ui(bQ +2)/(u—b)? ~ %uiuQ(uQ +2) /&2 (2.62)
For example, for p = 0.001, e = 0.1 and o = 0.25, we find n = 3200 and n = 2500,
respectively. Using the exact approach from the previous section, we find for these
values of n that the realized value of o equals 0.254 and 0.28, respectively. Hence
(2.52) is quite accurate, but even the more simple (2.53) suffices to get a clear
picture of what is going on in practice. Returning to c itself, we get for the above
p and € that (2.52) reduces to

¢~ 2.38uqn % —0.028, (2.63)

(for (2.53) replace the last number in (2.63) by —0.032), which for @ = 0.1 and
o = 0.2 boils down to ¢ = 3.06n~1/2—0.028 and ¢ = 2.01n~1/2-0.028, respectively.
It is easily checked (see Table 2.11) that these simple expressions nicely explain
the corresponding exact values.
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2) role of p

Things go (much) less well than intuitively anticipated because we are dealing
with small quantiles. Indeed, if we for example go from p = 0.001, to p = 0.01,
matters improve as u decreases. Again consider g(p) = p or g(p) = 1/p. The n
from (2.62) is reduced by a factor 0.4, leading in the example above to n & 1300
and n &~ 900, respectively (with corresponding realized values of o of 0.255 and
0.29, respectively). Likewise, (2.63) becomes ¢ = 1.90u,n~/? —0.036 (replace the
last number by —0.043 for (2.53) rather than (2.52)). Hence ¢ is reduced in two re-
spects: the coefficient of the positive term decreases, whereas the magnitude of the
negative term increases. Of course, this is in view of (2.53) hardly surprising, since
(u2+2)2 = u(1+2/u2)"/2 ~ u+1/u behaves like u, while b—u behaves like —¢ /u.

3) role of €

Clearly, as € decreases, it becomes harder to satisfy (2.35) and both ¢ in (2.52) and
(2.53) and n in (2.62) will grow. In the limiting case € = 0 a correction can only
be avoided by taking o = 1/2, which is a simple consequence of the fact that P, is
asymptotically normal with mean p. The role of ¢ of reversing to some extent the
need for correction (cf. its negative sign in (2.53)) is, as we saw above, weakened
as p decreases. Taking once more g(p) = p or g(p) = 1/p, p = 0.001 and o = 0.1,
we obtain for small & through (2.53) that ¢ ~ 3.06n~'/? — 0.32¢. This shows that
the effect of the second term is rather limited, unless n is really large. Of course,
matters change when ¢ is not small. E.g. for p = 0.001 we then get from (2.52)
that ¢ ~ 2.38uq,n~1? — {3.09 — 571(0.001(1 +¢))}. For e.g. € =9, the last term
equals 0.764, which implies that ¢ ~ 0 for uan=/? ~ 0.321, i.e. n ~ 9.75u2. For
a = 0.05, this produces n = 26. Hence the combination of a small p, a small n
and a small a indeed leads to trouble: without correction, P, can be off by a huge
factor (e.g. 10, as in this example). Incidentally, the approximation again works
quite well: from (2.39) we get for the values under consideration ¢ = 0.04, which
is indeed rather negligible compared to v = 3.09.

4) role of «

This is pretty straightforward: in both (2.52) and (2.53), the first term is linear
in u,. Similar remarks can be made and similar examples can be given as in

1) — 8) above.

5) role of g

Recall that b depends on g, and since ¢ depends on b, ¢ also depends on g. Fortu-
nately, for g given in (2.3), the resulted correction terms are almost the same cf.
(2.55).

Summarizing the exposition above, it illustrates that without correction, and with
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p small and n not large, one should not have great expectations about a and &!
Approximation (2.52) and (2.53) make transparent how bad the actual situation
is, and what needs to be done to achieve control again.

Having developed and evaluated the correction terms using the exceedance proba-
bility criterion, we therefore propose the following UCL’s for the corrected control
chart i + (u + ¢)o* with either & or & as estimator of o:

e for any g(p) in (2.3), an exact correction c¢ is given in (2.39)

e for any g(p) in (2.3), an approximation of ¢ is given by (2.52) with a further
refinement given in (2.47)

e for g(p) = p and g(p) = 1/p, an approximation of ¢ is given by (2.53), and for
g(p) = 1— (1 —p)*, the first term in (2.53) is replaced by (—e/u)(1+ (kp)/2)
provided that kp is small. This approximation however, requires € to be
small. Moreover, it involves an error which does not vanish as n increases.
Hence, it is less recommended than the others.

To illustrate the results obtained, we once again consider data from Example 3.1.
For e = 0.1 and o = 0.1, we obtain from the exact corrections 0.76 for n = 25 and
0.48 for n = 50, respectively. These results lead to replacement of the uncorrected
values 504.2 and 499.3 by 514.3 and 505.4, respectively. Clearly, these values are
indeed considerably larger than the corresponding values 509.6 and 501.6 used in
bias reduction, which reflects the fact that controlling exceedance probabilities has
a larger impact. Also note that, apart from being larger in an absolute sense, the
present corrections also converge more slowly than those from the bias case. To
be specific, for n = 25 the ratio of the increases over the uncorrected value in the
two approaches equals (509.6-504.2)/(514.3-504.2) = 0.535, while after doubling
the sample size, i.e. for n = 50, this ratio has gone down to (501.6-499.3)/(505.4-
499.3) = 0.378. Now (0.535/0.378)2 = 2.01, which nicely reflects the fact that the
rates of convergence involved are n~'/2 and n~!, respectively (cf. the remarks to
this effect under 1) role of n above).

2.4 Out-of-control case

It has been shown in Section 2.3 that merely using the UCL in (2.1) without
any attempt to correct it, we can get accurate control charts for the in-control
situation only for very large sample sizes. To solve this problem we have developed
correction terms based on the bias and exceedance probability criteria. We have
also demonstrated in the previous section that with the addition of these correction
terms, the corrected UCL leads to accurate charts for much smaller sample sizes.

Although the corrected version of the UCL thus has a positive effect on the in-
control behavior, we still have to verify to what extent such corrections affect the
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out-of-control behavior. If the corrections are so large that we almost never detect
a signal when the system is out-of-control, then the control chart would become
of no use. Fortunately, as we will show in this section, the corrections do not at
all disturb the out-of-control performance drastically.

The objective of this section is to see how in the out-of-control case the performance
of the corrected control charts changes when the number of observations grows.
Moreover, we want to compare them with control charts with known parameters.
In addition, we also want to investigate the ’loss’ in the out-of-control situation
due to correcting for estimation in the in-control case. The notion ’loss’ is of course
somewhat virtual, as the case of known parameters to which it refers, hardly ever
occurs and as such forms no real alternative option. In this way, we also compare
the strategy of simply plugging in estimators, and hence having the cost of taking
very large sample sizes, with the strategy of applying the corrected control charts
for moderate sample sizes. However, knowing that very often in many practical
situations today it is impossible to collect many observations due to the enormous
flexibility in production processes (shorter product life cycles, product diversity,
products tailored to specific customer requirements, etc.), in many cases we cannot
avoid to apply the correction terms and it is of great interest to see how the
performance of control charts change with the number of observations in the region
of moderate sample sizes.

The out-of-control situation is described as follows. Let X1, .-, X, be ii.d. dis-
tributed r.v.’s, each having a N (y, o?)-distribution, and let X,, 41 be a r.v. with a
N(u1,o0?)-distribution, where 1 = p+ do for some d > 0. If the parameters were
known, the false alarm rate in the out-of-control state would be p; = ®(u — d).
Since typically p; >> p, the estimation effects around p; in terms of relative
error, are (much) smaller than those around p. Therefore, we expect for the out-
of-control behavior small effects due to the moderate bias correction, and moderate
effects due to the larger corrections associated with the exceedance probability.

In the following paragraphs, we will discuss the effects in detail. We start with
the bias corrected control charts.

2.4.1 The effect of removing the bias

Using the corrected UCL given in (2.27), the probability to detect an out-of-control
signal is given by

. — (- o*
P, = P(Xn+1>u+(u+0)0*)<I><u+(u+c)—>
g1 01
_ 3 m+u1+1{c+u+(u+c)(g_l)})
01 g1 g1 (o g

Il
|

u1+ail{c+A(u+c)}),
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where
- o
n— a2

g1 01'

Uy =

Using a similar strategy as has been developed in Section 2.2.2, and writing p; =
®(uq), we arrive at the following first type approximation P, &~ p;W,, with

(225 ) (2 25

From this, in the out-of-control situation we get a first type approximation for
g(p) = p as follows:

sroomen <5ty (2) ()] em
and for g(p) = 1/p :
() e i i) () (o)) e

As in Section 2.2.2, we do not give a first type approximation for the third function
here. Instead we will present this function using the second type approximation.

If the parameters p and o are known, we get p; and (1/p1), respectively. In general,
¢ is relatively small compared to u (see Table 2.8). Ignoring ¢ in the second part
of the exponential terms, that is replacing (u+c)? by u?, the second part gives the
positive bias in EP, and E(1/P,) when estimators are simply plugged in. The
(main) influence due to the correction term c is in the factors

U1

exp{—cai1 Z(“ull)} and exp{cai1 Z(ul)}, (2.66)

Since the correction term for E'P, equals minus the one for E(1/P,), see (2.29)
and (2.30), both factors in (2.66) are equal and they are smaller than 1. It turns
out (see Table 2.13 and Table 2.14) that for E(1/p,) and in most cases also for
EP,, the factors in (2.66) dominate the factors coming from the second part of the
exponential term in (2.64) and (2.65), respectively for EP,, and E(1/P,). Hence,
the exponential terms in (2.64) result in a factor smaller than 1, thus showing for
EP, the penalty we have to pay for correct estimation of the parameters p and o,
and for E(1/P,) cf. (2.65), the 'gain’ obtain by the estimation.

The second type approximation is based on the following expansion:
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Eg(P.) = Eh <u1 + a% e+ Alu+ c)}>

g

o 1 2
~ h(up) + h’(ul)a—1 {c+ EA(u+c)} + ih//(ul) <0—1> EA?(u+ c).

In view of Table 2.3 and (2.15) with o* = & we get the second type approximation
for the three functions given in (2.3) as follows:

2
o 1 /0o
EP, ~ p— ca—ap(ul) + 3 (a_) a(u + e, n)urp(u)
1 1
1 1 o o(ur)
E(=w) = —+c—""1+
(Pn) D1 o1 pi?
2 2
1 2
(2 o (2210 st
2 \ o1 P P1

E(l - (1 _Pn)k)

Q

g
1—(1—p)"— Cg—llﬂp(ul)(l —p)f

1 o 2 2 —2
! (—) alu + e, m){—k(k — 1)@ (u)(1 — po)*

01

+k ur (u1)(1 —p1)* '}
(2.67)

respectively for g(p) = p, 1/p, and 1 — (1 — p)*.

Remark 2.4.1 Let 07 = 0 and p; = p + do. Noting that c is relatively small
compared to u we have a(u+ c,n) ~ a(u,n) ~ (u? +2)/(2n) cf. (2.15) and (2.18).
For g(p) = p, the relative error can be approximated as follows:

EP, —p1 _Cgo(u—d) n 1 (u—d)p(u —d) (u2—|—2)

P1 D1 2 P1 2n
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where in the last line we have used that for 0 < z < 3.5 the function x(x)
o(x)/®(x) can be approximated adequately by 4(1 + z)/5.

O

Having developed the approximations under the out-of-control situation, we inves-
tigate the performance of the chart using various sample sizes. The behavior of the
chart using the two types approximation is presented in Table 2.13 for g(p) = p
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and in Table 2.15 for g(p) = 1/p. Since the control charts are designed for the
mean, we consider only a change in the mean and keep the variance equal to the
variance in the in-control case. However, the control charts considered here can
also detect changes in variance. The influence of changing the variance is seen in
(2.64), (2.65) and (2.67).

In addition, we carry out some simulations to check the accuracy of these ap-
proximations. The simulation results are given in Table 2.14 and Table 2.16,
respectively. Furthermore, in Table 2.17 we present the result of the second type
approximation together with the simulation result for g(p) =1 — (1 — p)*.

Table 2.13 First type (2.64) and second type (2.67) approximation of EP, with
w1 = p+do and o1 = 0.

d 0.5 1 2

D1 0.0048 0.0048 0.0183 0.0183 0.138 0.138
approx | 1%%type | 2"%ype | 15%type | 2"%ype | 15%type | 27%type
n =10 0.0208 0.0105 0.0359 0.0254 0.107 0.062
n =20 0.0060 0.0055 0.0178 0.0163 0.104 0.086
n =30 0.0050 0.0049 0.0167 0.0159 0.111 0.100
n =40 0.0048 0.0047 0.0167 0.0161 0.116 0.109
n =50 0.0047 0.0046 0.0168 0.0164 0.119 0.114
n = 60 0.0047 0.0046 0.0169 0.0166 0.122 0.118
n="70 0.0047 0.0046 0.0171 0.0168 0.124 0.120
n =80 0.0047 0.0046 0.0172 0.0169 0.125 0.123
n =90 0.0047 0.0046 0.0173 0.0171 0.127 0.124
n =100 | 0.0047 0.0047 0.0173 0.0172 0.128 0.126
n =150 0.0047 0.0047 0.0176 0.0175 0.131 0.130
n = 200 0.0047 0.0047 0.0178 0.0177 0.132 0.132
n =300 | 0.0047 0.0047 0.0179 0.0179 0.134 0.134

Table 2.13 shows that the results from the two types of approximation are very
close to each other. The results show that inserting the correction terms for
g(p) = p does not disturb the behavior of the control charts in the out-of-control
situation. Already for moderate sample sizes the corrected control charts work
very well, in the sense that a very good behavior is achieved in the out-of-control
situation. This fact shows that the objective of the correction terms is reached: the
in-control behavior is regulated and the loss in the out-of-control case is relatively
small for moderate sample sizes.

From this table we can say that, for n > 50, the behavior changes very slowly with
n, and in most practical situations the improvement will be outweighed by the
costs of taking more observations. Even for small values of n such as 20, already
very reasonable results are obtained. For that reason, the corrected control charts
based on moderate sample sizes are suitable for practitioners, since the corrected
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charts are accurate for the in-control situation and powerful in the out-of-control
case.

To check whether these approximations are valid, we perform a simulation study.
The results of the simulation, which are given in Table 2.14, show that the two
approximations can be considered as very accurate. Although for exceptionally
small sample sizes the approximations seem unreliable, for moderate sample sizes
both approximations work very well. Hence, Table 2.14 confirms the conclusion
based on Table 2.13.

Table 2.14 Simulation results for £ P,, with first and second type correction terms,
given by (2.29) and (2.33), respectively, when u1 = g+ do and o1 = 0.

d 0.5 1 2

P1 0.0048 0.0048 0.0183 0.0183 0.138 0.138
approx | 15ttype | 2"%type | 15ttype | 2"%type | 15ttype | 2"%type
n =10 0.0051 0.0058 0.0140 0.0155 0.073 0.079
n =20 0.0043 0.0046 0.0141 0.0151 0.090 0.096
n =30 0.0043 0.0045 0.0147 0.0155 0.102 0.106
n =40 0.0044 0.0045 0.0153 0.0160 0.109 0.112
n =50 0.0044 0.0046 0.0158 0.0163 0.113 0.117
n = 60 0.0044 0.0046 0.0161 0.0166 0.119 0.119
n="170 0.0045 0.0046 0.0164 0.0168 0.120 0.122
n = 80 0.0045 0.0046 0.0166 0.0169 0.122 0.123
n =90 0.0045 0.0046 0.0167 0.0171 0.123 0.125
n =100 0.0045 0.0046 0.0168 0.0171 0.124 0.126
n =150 | 0.0046 0.0047 0.0173 0.0177 0.129 0.130
n =200 | 0.0047 0.0047 0.0175 0.0176 0.131 0.132
n = 300 0.0047 0.0047 0.0178 0.0179 0.133 0.134

Table 2.15 presents the results of the two approximations for the case g(p) = 1/p.
Fortunately, just as in Table 2.13, the results from the two types of approximation
are very close to each other. These approximations show that inserting the cor-
rection terms for g(p) = 1/p does not disturb the behavior of the control charts in
the out-of-control situation. In this case, the approximations for a small sample
size such as 10 should not be taken seriously. As a matter of fact, this is consistent
with the conditions in Theorem 2.2.2. Recall that the conditions in Theorem 2.2.2
are slightly stronger than those in Theorem 2.2.1: indeed, with the second type
approximation the aberrance for n = 10 exceeds the corresponding one with the
first type approximation.

Subsequently, the results are validated by the simulation results given in Table
2.16. The results of the simulation show that the two types approximation are
very accurate, except for extremely small sample sizes, such as 10. Therefore, the
conclusion based on Table 2.15 is confirmed by the result in Table 2.16.
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Table 2.15 First type (2.65) and second type (2.67) approximation of E(1/F,)

with g3 = p+do and 01 = 0.

d 0.5 1 2

1/pm 208.5 208.5 54.6 54.6 7.3 7.3
approx | 1%%type | 2"%ype | 1%type | 27%ype | 15ttype | 2"%type
n =10 54.0 -100.4 14.4 -22.8 2.4 -0.8
n =20 133.2 109.5 33.0 26.6 4.5 3.9
n =30 163.4 155.8 40.6 38.6 5.3 5.2
n =40 177.3 174.1 44.4 43.6 5.8 5.8
n =50 185.1 183.5 46.6 46.3 6.1 6.1
n = 60 189.9 189.1 48.1 47.9 6.3 6.3
n="70 193.1 192.7 49.1 49.1 6.4 6.5
n =80 195.4 195.3 49.8 49.9 6.5 6.6
n =90 197.2 197.1 50.4 50.5 6.6 6.6
n = 100 198.5 198.5 50.8 50.9 6.7 6.7
n =150 202.3 202.4 52.2 52.3 6.9 6.9
n = 200 204.0 204.2 52.8 52.9 7.0 7.0
n = 300 205.6 205.8 53.4 53.5 7.1 7.1

Table 2.16 Simulation results for E(1/P,) with first and second type correction

terms, given by (2.30) and (2.33), respectively, when 1y = 4 do and 01 = 0.

d 0.5 1 2

1/p 208.5 208.5 54.6 54.6 7.3 7.3
approx | 1%%type | 2"%ype | 1%ttype | 27%ype | 1ttype | 27%type
n =10 82.7 58.2 20.0 15.0 3.2 2.8
n =20 172.9 140.7 39.1 34.8 5.1 4.7
n =30 190.2 170.0 45.2 42.0 5.8 5.9
n =40 195.2 184.1 48.4 45.1 6.2 6.0
n =50 200.5 189.1 49.5 47.5 6.4 6.2
n = 60 200.8 193.2 50.6 49.1 6.5 6.4
n="70 202.4 195.3 51.6 49.9 6.6 6.5
n =80 203.7 198.2 51.7 50.3 6.7 6.6
n =90 204.5 198.0 52.1 50.8 6.8 6.7
n =100 204.6 200.0 52.3 51.3 6.8 6.7
n = 150 206.1 204.0 52.9 52.6 7.0 6.9
n = 200 207.0 204.4 53.6 53.1 7.0 7.0
n = 300 207.7 205.8 54.0 53.5 7.1 7.1
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Table 2.17 Simulation results and second type of approximation of E(1—(1—P,)*)
with 43 = p+do and o1 = 0.

d 0.5
1—(1—pp)to 0.99 0.99 1.00 1.00 1.00 1.00
simul | 2"%app simul | 2"%app stmul 2" app
n =10 0.83 0.60 0.94 1.00 1.00 1.00
n =20 0.87 0.80 0.97 1.00 1.00 1.00
n =30 0.90 0.87 0.99 1.00 1.00 1.00
n =40 0.91 0.90 0.99 1.00 1.00 1.00
n =50 0.93 0.92 1.00 1.00 1.00 1.00
n = 60 0.94 0.93 1.00 1.00 1.00 1.00
n="70 0.94 0.94 1.00 1.00 1.00 1.00
n =80 0.95 0.95 1.00 1.00 1.00 1.00
n =90 0.95 0.95 1.00 1.00 1.00 1.00
n = 100 0.96 0.96 1.00 1.00 1.00 1.00
n = 150 0.97 0.97 1.00 1.00 1.00 1.00
n = 200 0.97 0.97 1.00 1.00 1.00 1.00
n = 300 0.98 0.98 1.00 1.00 1.00 1.00
d 0.5 1
1—(1—p1)"® 0.91 0.91 1.00 1.00 1.00 1.00
simul | 2"%app simul | 2"%app stmul 2" app

n =10 0.57 -0.46 0.75 0.94 0.96 1.00
n =20 0.66 0.31 0.88 0.99 1.00 1.00
n =30 0.71 0.53 0.93 1.00 1.00 1.00
n =40 0.75 0.63 0.95 1.00 1.00 1.00
n =50 0.77 0.69 0.97 1.00 1.00 1.00
n =60 0.79 0.73 0.98 1.00 1.00 1.00
n="70 0.80 0.75 0.98 1.00 1.00 1.00
n =80 0.81 0.77 0.99 1.00 1.00 1.00
n =90 0.82 0.79 0.99 1.00 1.00 1.00
n = 100 0.83 0.80 0.99 1.00 1.00 1.00
n = 150 0.85 0.84 1.00 1.00 1.00 1.00
n = 200 0.87 0.86 1.00 1.00 1.00 1.00
n = 300 0.88 0.87 1.00 1.00 1.00 1.00
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d 0.5 1 2
1—(1—=p1)*° 0.70 0.70 0.99 0.99 1.00 1.00
simul | 2"%app simul | 2"%app simul 2" app
n =10 0.39 -0.41 0.58 0.45 0.88 1.00
n =20 0.47 0.19 0.74 0.76 0.98 1.00
n =30 0.52 0.37 0.81 0.85 1.00 1.00
n =40 0.55 0.45 0.86 0.89 1.00 1.00
n = 50 0.57 0.50 0.88 0.91 1.00 1.00
n = 60 0.59 0.54 0.90 0.92 1.00 1.00
n="170 0.60 0.56 0.91 0.93 1.00 1.00
n =380 0.61 0.58 0.93 0.94 1.00 1.00
n =90 0.62 0.59 0.94 0.95 1.00 1.00
n = 100 0.63 0.60 0.94 0.95 1.00 1.00
n = 150 0.65 0.64 0.96 0.96 1.00 1.00
n = 200 0.66 0.65 0.97 0.97 1.00 1.00
n = 300 0.67 0.67 0.98 0.98 1.00 1.00
d 0.5 1 2
1—(1—=p)'® 0.38 0.38 0.84 0.84 1.00 1.00
simul | 2"%app simul | 2"%app simul 2" app
n =10 0.24 0.19 0.41 -0.58 0.76 1.00
n =20 0.28 0.23 0.53 0.23 0.93 1.00
n =30 0.30 0.27 0.60 0.45 0.97 1.00
n =40 0.31 0.30 0.65 0.55 0.99 1.00
n =50 0.33 0.31 0.68 0.62 0.99 1.00
n = 60 0.34 0.32 0.70 0.65 1.00 1.00
n =170 0.34 0.33 0.72 0.68 1.00 1.00
n =80 0.35 0.34 0.73 0.70 1.00 1.00
n =90 0.35 0.34 0.75 0.72 1.00 1.00
n =100 0.35 0.35 0.75 0.73 1.00 1.00
n = 150 0.36 0.36 0.78 0.77 1.00 1.00
n = 200 0.37 0.36 0.79 0.79 1.00 1.00
n = 300 0.37 0.37 0.81 0.81 1.00 1.00

It is seen from the simulations in Tables 2.14 and Table 2.16 that, in terms of EP,
and E(1/P,), the out-of-control behavior of the corrected control charts with the
second type of correction is slightly better than the one with the first type of
correction. This is simply due to the better correction (for n < 50) obtained by
the first type of correction when we have the in-control situation, cf. Table 2.9,
leading to larger correction terms (and hence larger UCL’s) for EP,, and smaller
ones (implying smaller UCL’s) for E(1/P,), cf. Table 2.8.

In line with the results presented in Table 2.13 and Table 2.15, using the same val-
ues of d, Table 2.17 shows that inserting the correction term for g(p) = 1— (1 —p)*
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does not disturb the behavior of the control charts in the out-of-control situation.
The second type of approximation derived for this function works quite well, ex-
cept for an exceptionally small sample size, such as 10, where the approximation
produces very unreliable results. The simulation results present a similar picture,
hence confirms that this approximation is very accurate. However, the values of
d seems to be very high for this function, since all the results are close to one; for
reasons of uniformity in presentation we have taken the same d’s here as well.

2.4.2 The effect of controlling the exceedance probability

In the previous subsection it is demonstrated that for bias correction the ’loss’ in
the out-of-control situation is negligible. To investigate the effect of controlling the
exceedance probability in the out-of-control situation, we consider the following
setup for the out-of-control situation: X, 1 comes from N(u + do,o?) with 0% =
o2, for some d > 0. In the case of known parameters, the false alarm rate would
be p1 = ®(u — d) and the question is how our corrected random false alarm rate
P, given in (2.28) behaves in comparison to this p;. It may be nice that the in-
control behavior has been corrected, but to what extent do such corrections affect
the out-of-control performance? It has been discussed before that for the bias
correction the loss is negligible. The explanation for this nice result lies in the fact
that the estimation effects around p; are much smaller (in terms of relative error)
than those around p. The latter arose, from the fact that p is usually extremely
small and thus large relative errors will result. However, p; typically is not small,
at least not extremely so.

As the same effect will play a role here as well, we expect the following over-
all picture: the bias removal approach requires moderate corrections with small
effects under out-of-control, while the controlling of exceedance probabilities con-
sidered here requires large corrections with moderate out-of-control effects. Hence
the practitioner can buy weak or strong protection at a low or moderate price,
respectively.

Explanation on how this general description can be made specific is given as fol-
lows. In the out-of-control situation, P, in (2.28) transforms into

Pnzé(u—i—(u—i—c)a——d). (2.68)
g ag

*

Moreover, arguing as in Subsection 2.3.2., we obtain, for both ¢* =& and ¢* = &,

g(P) ~g(®u—d+c+712)), (2.69)

u?+2

with Z distributed as N(0,1) and 72 = 5
n
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As mentioned earlier, the behavior of g(P,) can be characterized in many ways,
one of them is by using the following expectation:

Eg(P,) = g (®(u—d+c) = g(p1) — cg'(pr)p(u — d), (2.70)

where the last step only make sense for c still reasonably small.

Since the estimation effects during out of control are less important, we here
choose to simply look at the relative error. If this is the case, from (2.70) we get
the relative error

Bo(Pa) = 9py)  _ 9 01) e gy (2.71)

9(p1) 9(p1)

where ¢ as given in Subsection 2.3.2.

Therefore, the relative errors of the three functions given in (2.3), respectively

equal to —e(1/p1)p(u — d), e(1/p1)p(u — d) and (—e(k(1— py)*=1) /(1 — (1— (1 -
p1)*))p(u — d). Notice that the relative error of g(p) = 1/p is minus the relative
error of g(p) = p.

Focusing on g(p) = p, we get for the relative error a simple approximation:

% = —ck(u—d) ~ —de{1+ (u—d)}/5, (2.72)

where as mentioned in Remark 2.4.1, k(z) = ¢(z)/®(z) and for 0 < z < 3.5 this
function can be approximated adequately by 4(1 + x)/5.

Using ¢ in (2.53), (2.72) can be written as

1/2
EP, —p1 ~ —4 {% b (uQQ;rQ) } {1+ (u—d)}. (2.73)

D1 5

From (2.73) we can easily see the role of n, €, & and d in the out-of-control situation.
As an illustration of the impact of the correction on the out-of-control situation,
suppose we consider the following two examples. The first is the out-of-control
situation with d = 1.44, where we get p; = 0.05, and the second is with d = 2.25,
for which we get p; = 0.20. Moreover, for p = 0.001, n = 100, « = 0.2 and ¢ = 0.1,
from (2.53) we obtain ¢ = 0.17. Hence, the average out-of-control RL (1/p1) is
increased from 20 to 27 in the first example, and from 5 to 6.3 in the second
example. These examples show how to find a proper balance between adequate
protection against estimation effects during in-control, and the price to be paid
for it during out-of-control.
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Comparing the relative error of g(p) = p based on the bias criterion (cf. Remark
2.4.1) to that of the exceedance probability criterion (cf. (2.73)) we observe that
the first one only depends on n and d, while the second one also depends on € and
« beside n and d. Using the same values of n and d, the latter gives a significantly
larger relative error than the first one. This can also be observed from the fact
that ¢ based on the exceedance probability is much larger than that of the bias
criterion.

This comparison shows that the correction term developed under the exceedance
probability criterion gives a larger effect in the out-of-control situation than does
the bias criterion. The larger correction in the exceedance probability criterion
can be associated with a strong protection which requires a moderate price as
compared to a weak protection with a low price in the bias case.

To end this section, we summarize the conclusion on the out-of-control behavior
as follows :

e Generally speaking, inserting the correction terms does not disturb the be-
havior of the control charts in the out-of-control situation. Already for
moderate sample sizes the corrected control charts work very well in this
situation. Therefore, when no large sample sizes are available, no accurate
control charts were possible; the corrected control charts provide a solution
for this problem.

o For the bias case, the behavior of the first two functions mentioned in (2.3) in
the out-of-control situation can be described very well by simple approxima-
tions as in (2.64)and (2.65), respectively, while the behavior of all the three
functions in the out-of-control situation is also described very well by the
second type approximation given in (2.67). For the exceedance probability
case, the behavior of the all three functions in the out-of-control situation
can be approximated by (2.70).

e For the bias case, the relative error of g(p) = p is given in Remark 2.4.1.
For the exceedance probability case, the relative error is given in (2.71). For
g(p) = p the relative error can be approximated further as given in (2.72).

e The bias removal approach requires moderate corrections with small effects
under out-of-control (with relative error of order 1/n), while controlling of ex-
ceedance probabilities requires large corrections with moderate out-of-control
effects with relative error of order 1/y/n(+¢€ term). Hence, the practitioner
can buy weak or strong protection at a low or moderate price, respectively.
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2.5 Concluding remarks

This section provides the summary of the present chapter by outlining the conclu-
sion obtained in each section.

In this chapter we have shown that estimation error may lead to inaccurate control
limits when we simply plug in the estimators. asymptotic theory shows that we
need huge sample sizes to get accurate control limits if parameter estimators are
just plugged in. The validity of the asymptotic theory is confirmed by a simulation
study. There are at least two ways to get an accurate control limit for practical
use, either by enlarging the sample sizes or by developing a correction term for
the control limits.

Since nowadays short production runs are more and more in demand, the first
choice seems to be often out-of-order. Moreover, more data means higher oper-
ational costs which most practitioners will want to avoid. For this reason, we
have developed (using asymptotic theory) correction terms for the control limits,
based on bias and exceedance probability criteria. It turns out that these correc-
tion terms do their job very well. The correction terms depend on the involved
requirement concerning the bias or the exceedance probability criteria. Applying
these correction terms, we are able to obtain accurate control limits (in the sense
that the corresponding requirement is fulfilled) for much smaller sample sizes. The
results of the simulation study confirm the performance of these approximation
results.

Having successfully reduced the bias and controlled the exceedance probability in
the in-control situation, we also have investigated the performance of the corrected
control limits under out-of-control situations. Fortunately, these corrected control
limits still perform quite well in the out-of-control case. From the results of the
approximation as well as the simulation study, we can say that the bias removal
approach requires moderate corrections with small effects under the out-of-control
situation. Controlling the exceedance probability on the other hand, requires large
corrections with moderate out-of-control effects. Hence, the practitioners can buy
weak or strong protection at a low or moderate price, respectively.



Chapter 3

Parametric Approach:
Reducing the bias

Traditional control charts rely on the normality assumption for the observations.
In the case that the assumption fails, both parametric and nonparametric ap-
proaches offer alternative solutions. However, since a fully nonparametric ap-
proach requires much larger sample sizes than practitioners can usually afford, the
parametric approach can be considered as an alternative.

This chapter discusses a parametric control chart suitable for observations from
a broader class of distributions. The parametric control chart adopts a so called
normal power family as a model. With the addition of a suitable correction term
in its control limit, developed using a bias criterion, the parametric chart performs
very well not only in the considered parametric family, but also for common distri-
butions outside the parametric family, thus covering a broad class of distributions.

3.1 Introduction

In Chapter 2, one of the problems concerning the underlying distribution has
been discussed. Even when the assumption was fulfilled according to which the
observations were drawn from a normal distribution with unknown parameters, it
was shown that estimating these parameters could result in serious errors if the
estimators were just plugged in without making any other attempt to adjust the
control limit of the chart. This confirms what had been pointed out by several
authors such as Nedumaran and Pignatiello(2001), Chakraborti(2000), Woodall
and Montgomery (1999), Chen (1997), Quesenberry(1993), and Ghosh et al.(1981).
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The present chapter discusses the problem which is caused by imposing the nor-
mality assumption itself on the distributions. In the case that the assumption fails,
i.e. the observations, standardized for location and scale, have another distribu-
tion than the standard normal one, substantial model errors may occur. These
model errors reflect the difference between the assumed model and the true model
of the observations. The greater the difference between the two models, the larger
the model errors that are produced. In this case, if the normal family is used as
the supposed model, then all observations from outside this family are likely to
have significant model errors.

To reduce these model errors substantially, it is necessary to do something about
the normality assumption, either by considering a wider parametric class of models
or by making no distributional assumptions at all. The last approach, which
is also known as a nonparametric approach, requires much larger sample sizes.
This nonparametric approach will be treated in Chapter 5. The first approach of
considering a broader parametric class than the normal family is the main topic
to be discussed here and in the next chapter. These chapters are concerned with
developing an approach to handle the model error. Handling this model error,
however, causes a serious stochastic error as a result of parameter estimation. To
reduce this stochastic error, in the present chapter we also develop a correction
term based on a bias criterion. How to deal with this stochastic error using an
exceedance probability criterion will be discussed in the following chapter.

As described before, let X be a random variable to be monitored in a production
process and let p be the false alarm rate. Suppose, for a moment, that the in-
control process is modeled by assuming that X comes from a standard normal
distribution. Then, as soon as X > wu,, the out-of-control signal is produced.
However, the probability of incorrectly producing an out-of-control signal may be
seriously in error when the distributional form of the observations differs from
normality, see e.g. Chan et al. (1988), Pappanastos and Adams(1996), table 7 on
page 222. Basically, the problem is that the normal approximation may be fair
for the central part of the distribution, but produces large relative errors in the
tails. And, in view of the small values of p typically used, the tails are what we
are dealing with. Therefore, a larger model is needed, providing more flexibility
to describe the behavior in the far tail.

For that purpose we consider the so called normal power family, containing the
normal distributions as submodel. One may object that this larger parametric
family again does not cover all distributions and that a nonparametric approach
should be taken. As typically the upper p-quantile should be estimated, it is clear
that with, say, 100 observations in Phase I for p = 0.001 such a quantile cannot
be estimated nonparametrically. The upper p-quantile of the distribution is the
point above which lies 100p percent of the mass. Hence, some assumptions should
be made about the relation between the behavior of X in the far tail (where we
should estimate an appropriate quantile) and the behavior of X somewhat more
to the middle, where we have observations and can do the estimation. A similar
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type of argument is applied e.g. in de Haan and Sinha (1999), Hall and Weissman
(1997) and Dekkers and de Haan (1989). The normal power family is on the one
hand sufficiently rich, but on the other hand not that large that estimation is
impossible or too inaccurate.

Using the normal power family gives more flexibility and hence an improvement
over simply using normality and ignoring the well-known fact that, in practice,
normality often fails which causes big errors in the false alarm rate. It is not our
claim that the normal power family always is the “right”model. But firstly, if
control limits based on normality are applied, this should implicitly mean that the
distribution is approximately normal, and in that case the normal power family is
certainly appropriate, since normality is a submodel of the normal power family.
Secondly, by the extension to the normal power family many other commonly
used distributions show up, which are covered sufficiently well by members of
the normal power family. Thirdly, the normal power family is not so large that
accurate estimation is only possible with huge sample sizes as in the nonparametric
approach.

In addition to the normal power family, actually there are many other possibilities
to extend the family of normal distributions, like random or deterministic mixtures.
However, it turns out that several standard extensions of the family of normal
distributions lead to very substantially more complicated control limits.

Although the parametric approach can reduce the model errors of many distribu-
tions considerably, more parameters need to be estimated in this new approach.
Hence, a larger stochastic error may be expected due to the parameter estimation.
Therefore, the next step to be taken is to control these stochastic errors using a
bias criterion. A second order asymptotic approach is applied to derive the cor-
rection terms of the control limits, since first order asymptotics do not produce
sufficiently accurate results, due to the very small values involved in the quantiles.
With the addition of the correction term in the new control limit, the corrected
parametric chart performs very well, not only in the considered parametric family,
but also for common distributions outside the parametric family, thus covering a
broad class of distributions.

The present chapter is organized as follows. In Section 3.2 an exposition of the
problem is given with a discussion on the model error due to misspecification and
the stochastic error implied by estimation. Next, some suitable models as can-
didates for the extended model are discussed. Subsequently, the characteristics
of the parametric control chart will be presented, followed by a discussion on the
model errors for the suitable models in Section 3.5. In this section some examples
will be given to show advantages of using this parametric control chart. Further
use of a correction term in the control limit to reduce the stochastic error is ex-
plained in Section 3.6. Using the bias criterion, the derivation and the impact of
the correction terms will also be discussed. To see how well the asymptotic results
come true for finite sample sizes, a simulation study is carried out and presented
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in Section 3.7. The results of the simulation show that the corrected parametric
chart performs very well for observations drawn from a broader class than the nor-
mal power family when the process is in-control. Section 3.8 discusses the main
questions stated in Section 3.2 including the performance of the corrected para-
metric chart in the out-of-control situation which turns out to be reasonably well.
The last section provides the summary of the conclusions obtained throughout the
chapter.

3.2 The main questions

Let X1,..., Xy, Xnt1 be ii.d. random variables (r.v.’s) with distribution function
F', that is, we consider the in-control situation. The out-of-control behavior, where
Xp41 comes from a shifted distribution function F(x— A) is discussed later in this
chapter. The r.v.’s X1, ..., X,, are the data from Phase I on which the estimators
of the unknown parameters are based and X,,41 is the monitoring characteristic.
The monitoring r.v. may be based on m observations, but here we consider the
situation m = 1 of individual measurements to avoid additional complications,
thus facilitating the explanation of the basic arguments.

The true, but unknown distribution function F' is modeled by a parametric family
{Gp : 6 € ©}. Apart from this general (parametric) model, we consider also the
restricted model, where the parameter space is restricted to a subset 6 € Og; neither
this model nor the parametric model is necessarily true. For any distribution
function H we write H = 1 — H and H~! and " for the respective inverse
functions.

If F equals Gy and 6 is known, the control limit equals G, 1(p). Often F' is
unknown and two problems arise: (i) F' may be (slightly) outside the parametric
family {Gp : 0 € ©} (or {Gy : 0 € Op} if the supposed model is the restricted
model) and (ii) 6 is unknown. This leads to two kinds of errors, the model error
and the stochastic error. The nature of the model error and how to handle it will
be the focus of the present chapter. In addition, the stochastic error as a result
of estimating the parameters and how to deal with it using the bias criterion will
also be discussed in this chapter.

Given a true model, we speak of the restricted model error (RME) and restricted
stochastic error (RSE) if the supposed model is the restricted model and we
simply speak of the model error (ME) and stochastic error (SE) if the supposed
model is the general model.

Let us first consider the situation that the supposed model is the restricted model of
normality with the upper control limit given in (2.1). Recall that due to estimation
of the parameters the false alarm rate is no longer a number, but a r.v. which we
denote by P,. In this case, the discrepancy between P, and p can be written as
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P,—p=PXp41>0+0"u,) —p=F(i+0o*u,) —p=RME+ RSE (3.1)

with the restricted model error RM E given by

——1

RME:F(quUup)—p=F(u+aup)—F(F (p)> (3.2)

and the restricted stochastic error RSE defined by
RSE =F (i +o*up) — F (u + ouyp), (3.3)

where = [xdF and o = /[ (x — p)2dF in (3.2) and (3.3).

In general, if {Gy : 6 € O} is the supposed model, the discrepancy between P,, and
p can be written as

Po—p=PXui1>Gy (1) —p=F(G; ' (0)) —p=ME+SE  (34)

with the model error M E given by

— — 1 — — 1 [
ME = F(Gy (p)) —p=F(Gy (p)) — F(F (p)) (3.5)
for some suitably chosen point § € © ( or § € ©g if the supposed model is the
restricted model), and the stochastic error SE defined by

SE=TF(G;' () —F @Gy (n)). (3.6)

(On how 6 is “suitably chosen” we come back below.)

The larger the parametric family, the smaller in general M E, but the more difficult
the estimation problem (more parameters involved) and hence the larger SE. We
want to control both M E and SE. To establish this, we consider three cases:

1. We are in the restricted model. A typical example is that our observations
are normally distributed.

2. We are in the general parametric model. This model contains the restricted
model. A typical example is an extension of the normal family with a few
extra parameters. The general parametric model is denoted by {Gy : 6 € ©}.
Here 6 = (61, ...,0k), say, while in the restricted model only 61,..., 0, vary,
for some 0 <[ < k, and 6;41,...,0; are fixed. Without loss of generality,
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we let these fixed values be 0. Hence the restricted model is presented by
{Gg : 0 = (01,...,0,,0,...0) € ©}. In other words each 6 € ©y is of the
form 6 = (64,...,6,,0,...0).

3. We are outside the general parametric model.

Of course, the model error M E depends on the true model and the supposed
model.

The “suitably chosen point 6 € ©”can be characterized as follows. The parameter
0;,i = 1,...,k, is assumed to be a functional of F, given by 6, = [(;dF for
some function (;. Tacitly it is assumed that the parameterization is such that
0, = [ (;dGy. In this way the parameter has a meaning also outside the restricted
or general model and this meaning coincides with the concept of the parameter
within these models. For instance, the functional of F' may correspond to the 0.75-
quantile of F'. In the restricted and general model the 0.75-quantile then leads to
the suitable parameter values.

In view of the notation of the restricted model it is implied that [ (;dF = 0 for
i=1+4+1,...,k, when F belongs to the restricted model. Several functionals may
be associated with the parameters 6;,7 = 1,...,k. The choice is determined by
the estimation of the parameter as is exemplified in the following example.

Example 3.2.1

Consider the random mixture model X = p+ o{(1 — W)Zy + WZ;}, where W
is independent of Zy and Z;, P(W = 1) =1 — P(W = 0) = v and where Z,
and Z; have distribution functions Ky and K, respectively. The parameter 6 is
denoted by (u,0,7). Let Ko = ® and let K; be the distribution function of the
standardized Student-distribution with 6 degrees of freedom. The parameters p
and o are estimated by the usual location and scale estimators X = n~' 3" X; and
S = /52 with 2 = (n — 1)~' 32(X; — X)2. The related functionals are of course

p=[zdF(z) and o =/ [(x — p)2dF(z).

To estimate v we may use the moment estimator based on the fourth moment. As
the fourth moment of Z; equals 6, this leads to the estimator

—\4
nty (Xi:;X) -3
3 )

y=
which corresponds to the functional

J (=) dF (@) -3
. .
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Writing X,n., for the m*® order statistic of X1, ..., X,, another estimator is ob-
tained by equating a sample 90%-quantile to the 90%-quantile of the distribution,
giving, with m = [0.9n], where [z] denotes the entier of z,

n

m Xmin—=X
on ()

- )

() e ()

with corresponding functional

o

K, (F*l(O‘Q)fu) _ (F*l(o.g)fﬂ) ’

o g

09— & (Ffl(O.Q)—;t)

The idea is to relate the (unknown) true distribution F' to a member of the general
parametric model by fitting several characteristics of F' to the nominated member
of the family. Hopefully, this results in similar (extreme) quantiles of F' and the
chosen member of the family as well. The more characteristics are fitted, the better
presumably the approximation in the far tail and hence the smaller the M E, but,
on the other hand, the more difficult the estimation of those parameters, that is
the larger the SE.

Moreover, not only the number of parameters is important, but also which char-
acteristics are used. Since the estimator determines the suitably chosen point in
the parameter space, the model error for distributions outside the supposed model
depends on the estimator. In other words, one estimator will give a better fit
w.r.t. the required extreme p-quantile in the parametric model than another. On
the other hand, a lower M E may involve a larger SE. For instance, the perfect
fit in terms of M E is obtained by taking 6 = 6(F), such that E;I(p) = Fﬁl(p).
However, such 6(F) cannot be estimated with, say, 100 observations. In fact, with
this estimator we would not use the parametric family at all: it boils down to
the nonparametric approach. A similar reasoning holds when using less extreme
quantiles. For example, using the preceding quantile-approach to estimate 7y, with
n = 100 observations there is no difference between the estimators using the 0.99-
quantile or the 0.999-quantile. This shows that for some characteristics the SE
will be very large.

Furthermore, additional functionals should be such that really different character-
istics are involved.

Concerning the model error and the stochastic error, the following questions can

be considered as interesting topics to discuss.

1. When the restricted model is true, that is F' = Gy with 0 = (64,...,6,,
0,...,0), both the RME and ME are equal to 0. Hence, we only have to
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control SE. As a rule, the SE will be larger than the RSE. How large is
this difference? Can these RSE and SFE be reduced by (simple) corrections?
How large are the corrected RSE and SE when the restricted model holds?

2. When the general model is true, the M E equals 0, but as a rule the RMFE
does not. How bad can the RM E be? How does this balance with the larger
SE? Can the RSE and SE be reduced by (simple) corrections? How large
are the corrected RSE and SE when the observations are from the general
model?

3. When we are outside the general model, the M E’s can in principle be very
large if we are far away from the general model. In Chapter 3 and 4 we
concentrate on the parametric approach and hence we consider only situa-
tions outside the general model where the M E is not too big. In Chapter 5
the nonparametric approach will be considered and then also departures far-
ther away from the general model are considered. But, as already observed
in the introduction, the nonparametric approach only makes sense if some
flexibility is allowed w.r.t. n and/or p: for e.g. n = 100 and p = 0.001 as
given quantities, nothing can be done. How large are the uncorrected and
corrected SE and the uncorrected and corrected RSFE, when we are outside
the general model and M FE is not too big? How is the total error when
applying the corrected control limit with as supposed model the general one
and how does this compare with the total error when applying the corrected
control limit with as supposed model the restricted model?

4. What is the impact on the out-of-control behavior of the chart? Does the
process stop at a reasonable time when it has gone out-of-control?

Having discussed the main questions to deal with in this chapter, we present some
suitable models as candidates for the general model in the next section.

3.3 Suitable models

The following special classes of models are candidates for a parametric model; they
will also be used as important examples in the simulation study for checking and
illustration of the theory developed in this thesis. Often, the restricted model will
be the normal family, but adaptation to another choice, as for instance the family
of exponential distributions, can be easily made.

We will take location and scale parameters u and o. In the restricted model these
are the only parameters. In terms of § = (61,...,0;,0,41,...,0)) this means that
l=2,0, = pand §; = 0. The additional parameters 03, ..., 0; are denoted by
~. In this thesis we will restrict mainly to £ = 3, that is, y is a one-dimensional
parameter. The distribution function Gy is written as Gg(z) = K, ((z — p)/0).
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Hence, the control limit of the general model has the following form:
~ « 371
fi+0"K5 (p).

The models are defined in such a way that varying tail behavior can be described.
Especially, heavier tails than those of the normal distribution are of interest. In
terms of high upper quantiles this means larger values than the normal upper
quantiles.

3.3.1 Random mixture

Suppose K (*=£), with K fixed, represents a distribution function in a location-
scale family, then the idea of the random mixture model is to replace K by K,
which is a linear mixture of some (fixed) distribution functions. This model utilizes
an additional parameter v which is used as a weighting factor in the mixture. Here,
K, is defined to be K, = (1 — v)Ko + 7K1, where Ky , K are fixed distribution
functions having expectation 0 and variance 1. In the case that v = 0, the model
gives back the restricted model K = K, which is very often set equal to ®.

Under this model, the random variable X can be written as
X:M—FU{(l—W)ZQ—i-WZl},

where Zy and Z; have distribution functions Ky and Kj respectively, and W is
independent of Zy and Z;, with PW =1)=1—-P(W =0) = ~.

3.3.2 Deterministic mixture

Studying an out-of-control signal means that we have to focus on the quantiles of
the distributions involved, e.g. in the family of normal distributions the p-quantile
is given by pu+ oK ~1(p), with K = ®.

Like in the random mixture model, the idea behind the deterministic mixture
model is to replace K~ by K;' = c(v) {(1 —7)K; "' +~K; '}, where c(y) is a
normalizing factor to get the variance of K, to be equal to 1, while Ky and K;
are fixed distribution functions having expectation 0 and variance 1.

In this deterministic mixture model, the random variable X is written as

X =p+oc(v) {1 =720 +v21},

where Zy = K;'(U), Z1 = K; *(U) and U is a random variable with a uniform
distribution on (0,1). The random variables Z and Z; have distribution functions
Ky and K respectively, and they are strongly dependent; in fact these r.v.’s are
comonotone. The normalizing constant ¢(7y) is given by
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o) = {1 =72 +72+2y(1—4)p} 2, where p= /O Ko () K (t)dt.

Because of the technical difficulties with the random and deterministic mixture
models, in this thesis we mainly deal with the following model.

3.3.3 Normal power family

This class of models is derived from the normal family by replacing the (1 — p)-
quantile of the standard normal distribution ®~*(p) by f(; L(p), where the latter
depends on the value of . This is essentially done by replacing w, by ué*”. For
v > 0 the effect will be a larger quantile, corresponding to a heavier tail than the
normal one. For v < 0 we get a smaller value according to a thinner tail. The new
quantile K7 *(p) is defined for v > —1 by K1(t) = ¢() |<I>_1(t)|1+’y sign(®~1(t)).
As in the deterministic mixture, ¢(7) is a normalizing constant given by c(v) =
{E|Z|2(1+7)}_1/2 = gl/42=(+N/27(y 4 3)7Y/2] where Z is a random variable
having a standard normal distribution. Under this model the random variable X
is given by

X = pu+ 07, where Z, = ¢(v)| 2]V sign(Z) for v > —1.

We mention two further well known models. Also in these cases analytic evaluation
of the estimators of the additional parameter(s) up to the required precision is
difficult.

3.3.4 Tukey’s A-family

Tukey’s A distributions can be used to approximate a number of common distri-
butions, such as a normal distribution or a logistic distribution. Using this family
as a model, the r.v. X is given by

X =p+ocN){U*=(1-U)"},

where U has a uniform distribution on (0,1) and ¢(\) is a normalizing constant
such that % has variance 1, that is

BT S T

in which B is the beta-function. For A = 0, we define X in a continuous way, lead-
ing to the logistic distribution for X—i The choice A = 0.14 gives a distribution
close to the standard normal distribution, especially for upper t-quantiles with ¢
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from 0.2 to 0.005, cf. also Chan et al. (1988) page 118. Introducing the parameter
v, given by v = 0.14 — X, we refer to K, as the distribution function corresponding
to the r.v.

X = p+o0c(0.14 —~) {U17 — (1 - )14

3.3.5 Orthonormal family

The orthonormal family model is derived as follows. Based on the uniform dis-
tribution, a family of density functions with respect to the Lebesgue measure on
(0,1) is defined by

[y, <) = c*(c)exp {Zle 9%’(1/)}7 with ¢ = (1, , <k),

where 7; is the j'" Legendre polynomial on (0, 1). Here, ¢*(s) serves as a normal-
izing constant such that f is a valid density function over its domain (0, 1).

Suppose Y is a random variable with density function f(y,<). Now, let the expec-
tation and standard deviation of (V') be E(s) and c¢(s)™! respectively. Using
these quantities, a random variable X is given by

X =p+oc(s) {27H(Y) - E(9)}.

Differently from the previously stated models, the orthonormal model explicitly
offers the possibility for more than one additional parameter beyond p and o. Of
course it is still possible to get parametric models other than those mentioned
above. For example we may consider to mix more than just two K;’s both in the
random and deterministic models. As alternatives, we may also use a generalized
version of Tukey’s A-family, as discussed by Huskova (1988), or the normal inverse
Gaussian distributions as given by Barndorff-Nielsen (1997).

The conditions for an appropriate general model are rather comprehensive. There-
fore, several classical ways of extending the normal model turn out to cause (tech-
nical) difficulties. In order to make the necessary correction we need to evaluate

(first and second) moments of fi+ a*?;l (p)— (u+ a?,;l (p)) up to high precision.
This implies that either ?; 1(p) should be analytically tractable as function of +,

or we should have a very precise approximation of f; 1(p) by a simple function
of 7. A particular problem arises in the well known random and deterministic
mixture models, because negative values of v are meaningless there. Hence, 7 is
restricted to nonnegative values, which can often only be achieved by adding a
suitable indicator function to the definition of the estimator. Due to the required
precision this causes great (technical) problems, aggravated by the fact that 7
(and also the indicator function) is tied up with 7 and o*. Apart from that, the
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truncation of negative values also introduces an artificial bias near v = 0, which
is also rather unattractive.

Among those models mentioned above, only the normal power family seems to
be tractable. As explained above, other models involve considerable technical
difficulties. For that reason, the normal power model is selected to be the extended
model, and serves as the main topic to be discussed in the following section.

3.4 Parametric control chart

The idea of the parametric approach starts with a normal family as a restricted
model and moves farther away from it by introducing at least one new parameter.
The new class of models chosen should be wide enough to be able to cover as
many distributions as possible, but not so wide that parameter estimation is no
longer possible. In the rest of this chapter, the normal power family which has
parameters (p,o,) is chosen as an extension of the restricted model and used
as a general model for the following reasons. Having u;*‘” in the control limit,
the normal power family offers more flexibility to get distributions with heavier
or lighter tails than those from the normal family. Hence, it can be considered as
an improvement over simply using normality as an assumption, and ignoring the
well-known fact that in practice normality often fails, which causes big errors in
the false alarm rate.

Of course, we do not think that the unknown F' should belong to the normal
power family. But firstly, if control limits based on normality are applied, this
should implicitly mean that the distribution is approximately normal. In that case,
the normal power family is certainly appropriate, since normality is a submodel
of the normal power family. Secondly, when one assumes normality, as many
people do, it is not reasonable to have a distribution very far away from the
normal family. Hence, a normal power family which can be considered in the
neighborhood of normality should be sufficient. Thirdly, by the extension to the
normal power family many other commonly used distributions show up, which are
covered sufficiently well by members of the normal power family. Fourthly, the
normal power family is not so large that accurate estimation is only possible with
huge sample sizes as in the nonparametric approach.

In principle, better adaptation is possible with the normal power family than
assuming only normality. Using the normal power family as a general model, a new
control chart, to be called the parametric control chart, is constructed and applied
to the Phase IT observations. With the new assumption that the observations are
generated from the normal power family, the random variable X is given by X =
4 0Z, in which for v > —1, Z, is defined as Z, = ¢ () |Z]""" sign (Z), where

—1/2
c(y) = {E |Z|2(1+V)} is a normalizing constant with Z having a standard

normal distribution.
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While previously K., represents the distribution function of the general model,
in what follows let K., denote the distribution function of Z,. Then the upper
p-quantile (0 < p < 1/2) of K is given by

—1/2
K, 1(p) =c()u,™ = xt/4g=(4/2p <’y + 5) upt. (3.7)

Under this general (parametric) model, the estimated control limit in (2.1) is

replaced by UCL = i+ ?; l(p)a'* or, equivalently, by

UCL = fi + c(A)ut o™, (3.8)

In what follows we use the usual location and scale estimators X and S as [i
and ¢* (or &, see Subsection 2.2.1), respectively. With regard to the additional
parameter v, there are several ways to estimate it. One way, which is based on
the consideration that the whole distribution is being modeled, is to construct 5
using a moment estimator which involves all observations. In this case, since the
first three moments of Z, equal 0, 1, and 0 respectively, the fourth moment seems
to be a good starting point to construct the first estimator as follows.

The fourth moment is given by

\/EF(27+5/2).

’ﬁ = h1(7) = EZ’Y4 = I‘(’y + 3/2)2

(3.9)

We estimate v{ by

n <\ 4

. _ Xi—X

A =n"1 g < 5 > . (3.10)
i=1

As a consequence, our first estimator 47 of « is given by

1 =hi (). (3.11)

Define for a distribution function F' the corresponding “suitably chosen point” by
71 (F) = hi ' (ua(F)) with ps(F) = Er, X%, where Fj is the standardized F, that
is the distribution function of (X — u(F))/o(F), when X has distribution function
F, expectation p(F) and standard deviation o(F). Obviously, when F' is the
distribution function of X = p+ 0Z,, then p4(F) =7 and hence v (F) = 7.

Concerning the second estimator of v, instead of using every single observation in
the production process, the estimator can be based merely on a small part of the
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distribution being modeled. In line with the objective to determine a false alarm
rate, this small part should represent the intended far tail of the distribution.
Since the normal power family is put forward as making the link between the
(very) far tail and the behavior somewhat more to the middle, it is natural to base
the estimator of the additional parameter on some order statistics in the ordinary
tail. In this case we hope that the behavior in the ordinary tail has some relevance
for the information in the far tail, where we need to go. For this purpose, we
only rely on the largest k order statistics. The same type of reasoning is applied in
extreme-value theory, see e.g. Dekkers and de Haan (1989) and Hall and Weissman
(1997).

Moreover, since estimators based on only one quantile may lead to a problem since

the corresponding functional F;l(q) = ¢(7)(@ '())"*" is not monotone in 7, for
example for ¢ = 0.1, the estimator should be based on at least 2 quantiles. For
that we use two statistics in the ordinary tail as follows. Let Xi.,, ..., X, denote
the order statistics of X1, ..., X, and let [z] denote the largest integer < x then,
for some ¢ and r satisfying 0 < g < r < %, define

~x XnJrlfn:n_
75 = [ qan]

(3.12)
X[nJrlfrn]:n -

|

This estimator is used to estimate 5, where

Uq

W=t = () = ha(y), (3-13)

K '(r)

and hence ~ is estimated using the following equation:

~ 1 log(73)
=h1(33) = =25 — 1. 3.14
2 2 (72) log(u_i) ( )

Our recommendation on the estimator of v is to use the 95% and 75% sample
quantiles as follows:

Xi0.95n411m — X
5 =1.1218log | Z22ntlln — 2 ) (3.15)
[0.75n+1]:n — X

noting that ~ 1.1218.

1
log(uo.05/w0.25)

Let F be the true distribution function, corresponding to the r.v. X and let Fj be
the distribution function of (X — i) /o. Then the suitably chosen point v equals
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—=-1
log [ E_(0.05)—] zdF(z) ( Fo*1<0.05>>
- 0g <F 1(0.25)— [ 2dF(x) 1 m 1 (3.16)
72 o 10 U0.05 a 10 u0.05 .
&\ woas &\ uo.2s

and indeed this gives v if X belongs to the normal power family with parameter -.
Obviously, the model error for distributions in the normal power family is reduced
to 0. But also a reduction for distributions outside the normal power family is
achieved. For instance, when the true distribution is the Student distribution
with 6 degrees of freedom, the model error is reduced from 0.00356 to 0.00208.
More detailed explanation on the model error and the stochastic error for the
suitable models will be given in the next section.

3.5 (R)ME and (R)SE for the suitable models

The advantage of using the parametric chart is that it tremendously improves
the model errors caused by imposing the normality assumption on the underlying
distribution. As mentioned in Section 3.2, the model error describes the difference
between the true model and the supposed model of the observations. In this case,
the model error is denoted by RM F if the supposed model is the restricted model
of normality, and by M FE if the supposed model is the general model of the normal
power family.

Example 3.5.1

Suppose that the true distribution comes from the normal power family, that is
F(z) =K, (%) Then

RMEfv(up)p5<<%)le> —p.

For p = 0.001 and v = —0.25 we get ¢(—0.25) = 1.0783 and hence RME =
—0.00098. For p = 0.001 and v = 0.5 we get ¢(0.5) = 0.5(+/27) and hence
RME = 0.00558, while for p = 0.001 and v = 1 we have ¢(1) = 37%5 and thus
RMFE = 0.00935. Let the true distribution be the Student distribution with 6
degrees of freedom. Taking p = 0.001 we get RM E = 0.00356.

Remark 3.5.1 From the calculations of RMFE it is seen that RMFE can be
negative, implying a lower false alarm rate. From the point of view of the false
alarm rate this looks nice. However, this will certainly have harmful consequences
for the out-of-control behavior. For instance, when v = —0.25 in the normal
power family, RME = —0.00098. To illustrate what this might imply for the
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out-of-control behavior, we consider the simpler situation of a control chart for a
standard normal distribution with p = 0.001 and p = 0.001 — 0.00098 = 0.00002.
Then the expected run length to detect a shift 2 equals 7.3 for p = 0.001 and not
less than 57.0 for p = 0.00002. Hence, both positive and negative model errors
should be reduced. (I

From Example 3.5.1 it can be seen that the restricted model error can be quite
large. Often RMF is several factors larger than the prescribed p. Therefore, if
normality fails, there is a need for a larger model, thus reducing the model error.

In the following subsections, subsequently we present R(ME) and R(SE) of the
suitable models to further comprehend the performance of the parametric chart.

3.5.1 RMEFE and MF for the suitable models

Let the true model be the standard normal, then it is clear that RM E = 0, while
if the true model is the normal power family, the RM E becomes:

K’Y(U’P) - 6(“?) = 6({6(7)

}e) — p.

Using this expression, RMFE of the normal power family with various values of
v can be calculated. For example, given p = 0.001, if v = 0.25,0.5,0.75 and
1, then RMFE = 0.00266,0.00558,0.00786 and 0.00935 respectively. For v < 0,
if v = —0.5,—-0.25, then RME = —0.00100, —0.00098 respectively. Regarding
these negative model errors, one should note the following. Although the result
looks nice in terms of implying a lower false alarm rate, a negative model error
may cause a serious problem in the out-of-control situation, since it weakens the
capability of detecting the shift of the process. The result shows that applying the
normal chart to the observations having normal power distributions causes quite
large model errors. The resulting RM E varies from 2.7p, 5.6p to almost 10p.

For distributions outside the normal power family, the use of the normal family
as the restricted model also causes some large RM E’s. For example, if the true
model is the standardized Student distribution with 6 degrees of freedom (T'),
then RM E = 0.00356, while if the true model is a Random Mixture (RM), then
RME = ~v{P(Z1 > up) — p}. In the latter case, when Z; is distributed as T,
RMFE = 0.003567. For example, if v = 0.5, we get RM E = 0.00178.

Now, suppose that the true model of the observations is the Deterministic Mixture
(DM) with Z; the standardized Student distribution with 6 degrees of freedom,
then RME =t — p where t is the value satisfying the following equation:

{1 =B () +T5 ()} = up.

Given p = 0.001, ¢ depends only on the value of . In this case, v = 0.5 leads to
t = 0.00292, and hence RM E = 0.00192.
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If the true model is from Tukey’s A-family, then
RME = P(eW{U* = (1 = U)} > uy) — B(uy),

which depends on the value of A\. In this case, if A is set to be —0.1,0 and
0.14, respectively, then the resulting RM E will be 0.00471,0.00267 and —0.00015,
respectively.

Finally, if the true model is from the orthonormal family, the model error can be
written as _

RME = P(c(){®(Y) — E(5)} > up) — B(uy).
As stated in the previous section, Y has density function f(y,<). By selecting
¢ =(-0.1,-0.1,0.1), we get E(s) = —0.0787, ¢(s) = 1.0696 and RM E = 0.00113.

In the case that we use the normal power family as the supposed model, then it is
obvious that if the true model is from the normal power family, the model errors
will vanish right away producing M E = 0.

For distributions outside the normal power family, the use of the normal power
family as the general model causes smaller M E as compared to RME. For ex-
ample, if the true model is the standardized Student distribution with 6 degrees
of freedom (7'), then the model error is reduced from 0.00356 to —0.00009, and to
0.00208, respectively if we use 41 and 7» as estimators in the normal power family.

Now suppose the true model is Random Mixture (RM) with Zy ~ N(0,1), Z; ~ Tg
and weighted parameter 0.5, then (with v; = v,(F)) ME = 0.5P(Zy > F;I (p))+

0.5P(Zy > f;_l (p)) — p, which equals —0.00011 and 0.00116, respectively if we
use 71 and As.

If the true model of the observations is the Deterministic Mixture (DM ), with
Zy is the standardized normal distribution and Z; is the standardized Student
distribution with 6 degrees of freedom, and weighted parameter 0.5, then M E =
t — p where t is the value satisfying the following equation:

c(0.5){0.5% (1) + 0.5T; (1)} = K. (),

where v; = i (F).

Given p = 0.001, the model error is reduced from 0.00192 to 0.00016 and to
0.00128, respectively for v; and ~s.

For observations having Tukey’s A-family as the true model with A set to be —0.1,0
and 0.14, respectively, RM E will be reduced from 0.00471,0.00267 and —0.00015,
respectively to M E equal to 0.00000, 0.00024 and —0.00010, respectively for ~y;
and to M E equal to 0.00225, 0.00133 and -0.00019, respectively for vs.

Finally, if the true model is from the orthonormal family, the model error can be
written as .
ME = P(c(<){27'(Y) - E()} > K, (p)) — p,
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where v; = v, (F).

As stated above, if we use ¢ = (—0.1,—-0.1,0.1), we get E(s) = —0.0787, c(s) =
1.0696 and the model error will be reduced from RME = 0.00113 to ME =
0.00033 and to —0.00031, respectively for v; and ~,.

The values of M F together with RM E are presented in Table 3.1, in which 1 unit
in the table represents 0.001. In addition, the table also includes the values of
ME using our recommended estimator 4 as given in (3.15) where we use 1.1218
instead of 1/log(292). Indeed, M E using 7 equals 72, cf. (3.14) and (3.15). This
table compares RMFE to M E for various distributions. It shows that in general
the RM E’s are reduced tremendously if the supposed model is extended from
the restricted model (normal family) to the general parametric model (normal
power family). For observations from the normal power family the parametric
chart is able to cancel all the model errors, while for observations from outside the
normal power family, this parametric chart manages to reduce the model errors
significantly.

As shown in the table, if the true model is either the standardized Student (T'),
Tukey with A = —0.1 (TU(-0.1)) or Tukey with A = 0, (TU(0)) the benefit of
using the parametric chart with the second (or recommended) estimator (72 or
7) is the reduction of about half of the model error, whereas for other distribu-
tions: Random Mixture (RM ), Deterministic Mixture (DM ), Tukey with A = 0.14
(TU(0.14)), and Orthonormal (O), the reduction is about 3. For all distributions
mentioned earlier, the reduction becomes larger if the first estimator (77) is applied
to the chart.

Table 3.1 Comparison of RM E with M E

Fy RME ME

N | zory
P 0.00 | 0.00 0.00
K o5 -1.00 | 0.00 0.00
K .25 -0.98 | 0.00 0.00
Ko.o5 2.66 | 0.00 0.00
Ko 5.58 | 0.00 0.00
Ko.75 7.86 | 0.00 0.00
K 9.35 | 0.00 0.00
T 3.56 | -0.09 2.08
RM 1.78 | -0.11 1.16
DM 1.92 | 0.16 1.28
TU(-01) | 471] 0.00] 225
TU(0) 2.67 | 0.24 1.33
TU(O.14) -0.15 | -0.10 -0.19
@) 1.13 | 0.33 -0.31
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Table 3.1 may suggest that 47 is better than 45 (or 7) which is, however, not always
the case for several reasons. The first reason is that the control limit based on ;1;
is computationally more complicated due to the fact that in contrast to hg 1('/)/2;)
(or hy*(7%)) the function hy*(3}) is not explicitly given. As these functions take
a prominent place in the control limit already in the first order term, their values
should be calculated rather precisely, which is easy for hy 1(%) (or h31(7%)) and
difficult for hy (7).

The second reason is that 43 (or ¥) is based on order statistics and comes concep-
tually closer to the nonparametric approach, thus being an interesting intermedi-
ate step between assuming much knowledge about the distribution (control chart
based on normality) and no assumptions at all (nonparametric control chart using
very extreme order statistics). For the latter we need a huge amount of data, while
the estimator 43 (or ) uses more common order statistics and can be applied for
the sample sizes that we meet in practice.

The third reason can be observed from the following table, in which the resulting
E(SE) is smaller if we apply 72 (or 4 ) than if we apply 47 for observations
having a heavy tailed distribution. Using all those reasons, later in this chapter
we propose a recommended control limit based on the recommended v estimator
given in (3.16).

The fourth reason is that 75 is different for the lower tail and upper tail. Therefore,
when the distribution is skew, 73 fits the upper tail and lower tail separately, while
~1 chooses only one member of the normal power family. In particular, in case of
a heavy tail on the one hand and a thin tail on the other hand, 7; will adapt to
the heavy tail (since it depends on the fourth moment). As a consequence, there
maybe a large negative model error at the thin tail. Using 7> this is avoided, since
both tails are considered separately.

3.5.2 RSE and SFE for the suitable models

Controlling model errors by extending the supposed model from the normal family
to the normal power family is nice. On the other hand, however, larger stochastic
errors may be expected due to the estimation of the additional parameter . As
described earlier in this chapter, the relation between model error and stochastic
error in the restricted model and in the general model are given given in (3.1) and
(3.4), respectively. Hence the relation can be used to calculate E(RSE) if E(P,),
RME, and p are known, or to calculate E(SE) if E(P,), ME, and p are known.
To calculate E(RSE) and E(SE) in this study we use p = 0.001, whereas E(P,,)
is obtained by simulating the quantity E(P,) using 3 different sample sizes (n):
100, 250 and 500. As expected, it turns out that the larger the sample sizes, the
smaller E(RSE) or E(SE), as shown in Table 3.2. As in the previous table, in
this table 1 unit equals 0.001.
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Table 3.2 Comparison of simulated E(RSE) with simulated E(SE)

n = 100 n = 250 n = 500
Fy RSE SE RSE SE RSE SE
N P pr P N e

o 0.36 | 1.26 | 1.69 | 0.14 | 0.46 | 0.62 | 0.07 | 0.22 | 0.28
K_o5 0.00 | 1.30 | 2.45 | 0.00 | 0.46 | 0.92 | 0.00 | 0.22 | 0.42
K_o.25 0.04 | 1.14 | 1.82 | 0.01 | 0.41 | 0.69 | 0.01 | 0.20 | 0.31
Ko.25 0.78 | 1.42 | 1.39 | 0.30 | 0.54 | 0.53 | 0.15 | 0.26 | 0.24
Kos 1.12 | 1.64 | 1.38 | 0.43 | 0.65 | 0.51 | 0.21 | 0.32 | 0.24
Ko.7s 145 | 1.87 | 1.37 | 0.59 | 0.76 | 0.50 | 0.29 | 0.40 | 0.23
K 1.78 1 2.09 | 1.36 | 0.66 | 0.88 | 0.51 | 0.36 | 0.48 | 0.24
T 0.74 | 2,51 | 1.9 | 0.31 | 1.27 | 0.69 | 0.16 | 0.82 | 0.31
RM 0.53 | 2.02 | 1.50 | 0.21 | 0.99 | 0.61 | 0.11 | 0.62 | 0.27
DM 0.53 | 1.90 | 1.7 | 0.21 | 0.86 | 0.62 | 0.11 | 0.51 | 0.32
TU(-0.1) | 0.90 | 2.45 | 1.67 | 0.36 | 1.17 | 0.73 | 0.18 | 0.70 | 0.32
TU(0) 0.62 | 1.80 | 1.60 | 0.24 | 0.74 | 0.67 | 0.12 | 0.39 | 0.30
TU(0.14) | 0.36 | 1.21 | 1.67 | 0.13 | 0.43 | 0.60 | 0.06 | 0.20 | 0.28
O 0.68 | 1.72 | 1.9 | 0.26 | 0.61 | 0.55 | 0.13 | 0.30 | 0.22

Table 3.2 shows that for all observations from the normal family, the parametric
chart produces E(SE) about 3 times as large as the normal chart if 43 is applied,
while if 43 (or 7) is applied the produced E(SE) will be about 4 times as large.

For the second group of observations which are from the normal power family, the
resulting E(SE)’s are quite variable, and they very much depend on the value
of ~ itself. For v = —0.5 and v = —0.25, the E(SE) increases more rapidly
than those of the normal chart if 43 is applied in the parametric chart. And it is
getting worse if 42 (or 7) is applied to the chart. It is no surprise that E(RSE)
is much smaller for negative +’s, since the normal chart has such large negative
model error that almost no variation is possible. For v > 0, the larger the value
of the +, the larger the resulting E(SE). However, the larger the value of the 7,
the smaller the difference between the resulting E(SE) of the normal chart and
that of the parametric chart, from about twice, if v = 0.25, to a little bit more
than one, if ¥ = 1. This situation holds if 47 is applied. If 45 (or 7) is applied to
the parametric chart, the produced E(SE)’s are slightly better for v = 0.25 and
~v=0.5. For v = 0.75 and v = 1, the resulting E(SFE)’s are even better than those
of the normal chart.

For the third group of observations which come from distributions outside the
normal power family, the resulting E(SE)’s are about 3 or 4 times as large as
those of the normal chart, for the case in which the parametric chart is based on
1. If 42 (or 7) is used for the parametric chart, the produced E(SFE) are slightly
better, being about 2 or 3 times larger.
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Summarizing what has been discussed above, the parametric chart has an advan-
tage over the normal chart in reducing RM E substantially. This parametric chart
however, also has a disadvantage due to the estimation of the additional parameter
7y, which causes somewhat larger SE. Since in this case RME is (much) larger
than SFE, the disadvantage of the new chart is less important. Nonetheless, in
order to reduce the SE of the parametric chart which can further improve the
performance of the new chart, a strategy similar to that of Chapter 2 is used to
develop a correction term for the chart. The next section explains the derivation
of the correction terms to get a corrected parametric chart.

3.6 Corrected parametric chart

Due to estimation the (observed) false alarm rate is a random variable P, given
by (3.1) or (3.4). We want P to be close to p. To compare the stochastic P
and the deterministic p, several criteria can be used. The most obvious one is to
consider FP and to compare it with p. More generally, we consider a function
g(p), estimate it by g(P) and compare Eg(P) with g(p). In particular, we focus
on the functions g given in (2.3).

Elimination of the systematic error is of course not the only criterion. Due to the
variation in the possible outcomes of g(P) one may require that only in relatively
few cases the prescribed g(p) is exceeded. Corrections (of a stronger type than the
one met here) can be proposed to satisfy such an exceedance probability criterion
which will be given in the following chapter. In the present chapter we restrict
attention to the bias as criterion.

Both theory and simulation results presented in the previous section clearly show
that for sample sizes like n = 100 large stochastic errors occur. Starting with the
control limit ;Hrof; ! (p), which has for known parameters p, o and +, probability
p of incorrectly concluding that the process is out-of-control, and subsequently
simply plugging in the estimators, we arrive for Eg(P) at a value unequal to g(p).
Therefore, we change the starting value p to s, say, in such a way that, when
estimating the parameters, we end up with Eg(P) = g(p) (or at least close to it).

In other words, we do not use f; 1(p), but E; 1(s) for an appropriate value of

s. Instead of f;l(s) we write f;l(p) + ¢ with ¢ being the correction term. One
might argue that the corrected control limit could be obtained by simply adding
a correction term ¢. However, the smaller o, the smaller the correction term and
hence we give it the form co, estimate o and arrive at

4o (f;l(p) +c>.

Furthermore, note that the correction term depends on n, p, the function g and ~.
The last parameter is estimated again and one may ask whether this estimation
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step in the correction term gives no renewed bias term. However, the effect here

is much smaller as the correction term itself is of order n—!.

The idea behind the derivation of the correction term is as follows. With a given
correction term c, firstly we give an expression for the bias (as a function of ¢).
Then we calculate the correction term c¢ such that it eliminates the bias. In order
to do these calculations we have to make many approximations, which are of two
types. There are numerical approximations to complicated functions like F; 1(p)
in order to do the analysis. Secondly, we apply asymptotics with respect to n,
ignoring o(n~!)-terms. The derivation is still complicated, but fortunately leads
to a proposal that can be applied straightforwardly. Later in this section, we
propose a recommended control limit for the parametric chart.

The correction term, which is to be determined later on, is denoted by ¢, =
cu(f1,5,7). This correction term is inserted in the parametric chart to get the
following corrected control limit:

UCL. = i+ 6{K5 ' (p) + cu}. (3.17)
Using the control limit given in (3.17), the false alarm rate becomes :

~ -~ ——1 Xn —
P(Xo1 > i+ o{K () + e }) = P

——1 o

> K,y (p) +V+ ;Cu)
— 1 o

= F‘()(K'y (p) +V+ ;Cu)a

where Fp is the distribution function of o= (X,,41 — p) and where

v

> =+ K5 () - K, (0).

— ——1

B+ oKy (p)—{u+0Kw (p)} L—p 65—t ——1
N o
It is seen from the definitions of our estimators iz, 5 and 7 that, without loss of
generality, we may assume that y = 0 and ¢ = 1 and that, since the process is in
the in-control situation, the random variables Xy, ..., X,,, X,,+1 have distribution

function Fy. As a result, the false alarm rate can be rewritten as Fy(K 5 (p)+
V + &e¢y,), where

V=i+K; (p)-K, (p). (3.18)

For V given in (3.18), typically EV and EV? are of order O(n~!) and E|V|F =
o(n™!) for k > 3. Hence, the correction term ¢, for correcting the bias is also of
order O(n™1).

Similarly as in (3.4), for some suitably chosen point 7, g(p) can be expressed as
follows :
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9RO, (0) +V + 5e) = 9(p) + [9(Fo(K, () — 9(0)]

—1

+ [9F B ) +V +5en) — (R (K ()]

In this case, the correction term is developed such that the bias of the last term
is very close to 0. Using a Taylor expansion where only the first two terms are
considered, since the other terms are of order smaller than O(n ™), we get:

9dFE, () +V +6ca) — 9 FH(E, (1) ~

(Fo( ( )))fo( (p))(V"F&Cu)
+1 [g" (Fo(BS o)) R (RS 1) — 9 (Fo(B o)) (R )] (v + 5e)?.

Simplification can be made by ignoring the terms of order Ve, ¢,(5—1) and (c,)*
for k > 2. Subsequently, the right hand side of the equation is set equal to 0, also
expectations are taken which leads to the first form of the correction term :

fo
Jo

-1

e = —BV + 3BV | LB ) ol R ) -

Jox <p>>] (3.19)

As mentioned in the former chapter, g can be either one of the following functions
2 g(p) = p, g(p) = %, or g(p) =1 — (1 —p)¥, where k = [§/p] with § is a small
positive number, depicting a small fraction of the average run length. As a result,
gg—/(p) equals 0, f%, and — (kfl) ~ —k = —%, respectively. The correction term
can be simplified farther by assuming that Fy is close to K., in which we get :

Z—,<F0< ")) fo(E (p) ~ AL (E D (p), (3.20)

with A = 0, —2, and —§, respectively.

Moreover, for a wide class of F’s we have

!
o _Jo (3.21)
Fo fo
see Andrews (1973) for more details and examples.

The last two equations can be used to simplify the correction term given in (3.19)
which lead us to the second form of the correction term as follows:

i = BV — ALV j?’( o),
0
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where A = 1, —1, and 1 — §, respectively.

This form, however, still consists of unknown parts which need to be estimated.
The density of fy is supposed to be close to k., which is the density of Z,. More-
over, EV and EV? depend on the unknown Fp, which can be replaced by K.,.
Hence, in both cases we need to estimate the parameter . Finally, we get the
third form of the correction term as follows:

01—k
Cu = culfi,5,7) = —EV — §AEv2k—j(K5(p)). (3.22)
Y

Using this correction term, the rule for providing a signal that the process may be
out-of-control reads as

R _ 1 —kL
X >,u+é{K§1(p) —FEV — 5)\]E?VQk—:’(Kal(p))}. (3.23)
ol

— = —1
From equation (3.23) it is clear that £V, EV?, and K5 (p) become important
factors to calculate the correction term. Using either 4; or 742 as the « estimator
(see Section 3.4), V can be expressed as

—-1

—~ ——1
V=0t 0K, () = Kb ():

It turns out that the derivation of EV and EV? involves very complicated ex-

——1
pressions. For that matter, we replace K (p), V, and V? by suitable quadratic
approximations.

In the following subsections, consecutively we derive EV , EV?2, and F; ! (p) to get
the formula of the corrected control limit using 71, 72 and the recommended 7.

In order to do the calculations for the correction we make the following quadratic
approximation in v (with exact fit at the points v = —0.5,0, 1)

K, (p) ~ (0.3849u) + 1.4927,/u, — 2uyp) 7>
+ (0.1925u2 — 1.4927 /1, + up) ¥ + p.
(3.24)

3.6.1 Corrected control limit using 77

We start with 75 to get an estimator of y, where f = EX{ is the suitably chosen
point in the parameter space. Regarding function hy given in Section 3.4, we note
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that, since it behaves as an exponential function, h1_1 can be well approximated
by

hT (7)) ~ 0.7363 1og(%1). (3.25)

Inserting (3.25) in (3.24) and applying a second order Taylor expansion gives the
approximation

7 7 oSk * 2k *
Kpo150(0) = K10 (0)  At( = 1) + Bi(1 — 7%

1

with
1 *
A = %(0.41731@ +1.6185, /1, — 2.1686u,,)
1
1
+?(—0.3168uz — 2.8772,/u, + 3.1188u,)
1
1 *
B, = ("5 ')721 (—0.2087u? — 0.8093, /7, + 1.0843u;,)
1

1
+W(0.3671u12, +2.2479, /w, — 2.6437u,).
1

For the calculation of EV we approximate V' by

~ . 1 A~k * A~k * - A~ *
it (6= 1)K -1 (p) + A1(] — 1) + Bi( —71)? 4+ (6 =D AFT —), (3:26)

while for EV? we use

R 3 ——1 2 s . . —1
VE x4 (6 =1 (Kol @)+ A3GT —20)% + 206 = DE, o ()

~ %k * - -1 %k *
+20A1 (31 — 1) +2(6 = DK -1 (45 (P) AL (T — 7).
(3.27)

The following formulas give approximations for the moments of the estimators 1, &
and 77 assuming that Xq,..., X, are i.i.d. r.v.’s with distribution function Fp,
thus having expectation 0 and variance 1. For the derivation of the correction
terms in case of the normal power family, we may restrict to Fy = K, for some
~v. However, we need more general formulas in Section 3.7, and therefore we
only assume expectation 0 and variance 1 (and existence of further appropriate
moments). Writing y; = EX?, we have
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pa—1
8n ’

Ei = 0, E(6—1)~—

—2p6 + 3p3 — 5pa +8u3 +6
n

Q

E@T - u4)

. 1 . 2 pa—1 . 13
Ep? = =, E@F-1)= Epu(s—1)~ —
i ~ E(6-1) 0 ER(E-1)=o,

Q

pig — 4t pe + 4pf — pd + 16p3 — Suzps + 16p3s

EA; — pa)? -

ps — 4uz — 2443
n )

Q

EL(yy — pa)

o —pa pa(pa —1) 23

B -1)@ —p) ~ K o a

(3.28)
Hence, we get (note that by definition of the ’suitably chosen parameter’ 7§ = pu4)
e — 1—1
EV = - 3 K1)
4, 226 3u3 — 5us + 8ud + 6
n
) ) ) (3.29)
L, Hs = Apaps + Apf — pi 41603 — Spapis + 16u3 14
! n
_ -1 22
+A1{#0 pa  palpa —1) ﬁ}
2n n n
and
1 pa—1——1 2
2 ~ — 1
| Azt = dptapio & Apf — pf + 1603 — 8paps + 16p304
n
(3.30)

5 — 4us — 2143
n

pi3 1 1
+F3thl('y y(p) + 24

s
1

pe — pa  palpa —1) _2_/@}

— 1
2K 0105 () A { on n n

Returning to the normal power family, we have u; = 0 for odd 7 and
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Val(2y +5/2)

— oy —EZ4=
Ha T ¥ F(')/ + 3/2)2 )

B 6 ™3y +7/2)
Ho = BT Ty 32

7327 (4y +9/2)
T(y+3/2)

The estimated versions of EV and EV? are

— 8 _
/‘1’8 - EZ'Y_

== _ - 1l=x ~ =2 +3(77)* — 577 +6
EV ~ - 8n h;l(fy;)(p)‘f'Al "
n §1ﬁ8 — 106 +4037)° — (37)? 4 A {ﬁﬁ -7 7Gr - 1)}
n 2n n
(3.31)
and
_ 1 A1 i 2 s — 4957 + 457 — (31)°
3 - + 1 L 2 1 1 1
EvV: = n+ i (Kh; G (p)) + A7 .
B e
+ QKhllm)(p)Al{ T 1(2 )}’
(3.32)

where /Tl and §1 are obtained from A; and Bj, respectively, by inserting 47 for
~; and where [ig and fig are obtained from pg and us, respectively, by inserting

hi'(37) for .

Finally, the control limit including the correction term using 77 is given by

w2+ hit(3)
1~ 1 1+h %
{1+ @) Ye (bt G)) up ™ OF)

~ . —_ — 1 —_
A+5{ Ky ar) () — BV + SAEV?

with EV and EV? replaced by the right-hand side of (3.31) and (3.32), respectively.

Remark 3.6.1 To represent the restricted model of normality, take in (3.33) 75
equal to v; = 3 and hence hy'(5%) = 0, according to the fact that we do not
need to estimate y. Moreover, by the same reason disregard the contribution of
7 7 2k * 2k * o Ve 13

K =150y (0) = Kot (o (p) = AL(3F —77) + Bi(3f —~7)? in EV and EV2. Then
(3.33) reduces to i+ Guy, + (4n) " Gup{1+ A(uZ+2)} which is (as it should be) the
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correction term for the control limit based on normality given in (2.33). In this
case, A equals 1, -1 and 1 — 4, respectively for functions g given in(2.3). Also recall
that in Section 2.3 we use ¢ instead of &, hence we have an extra term 1/(4n)
here. In addition, for the case g(p) = 1/p and g(p) = 1 — (1 — p)*, we get slightly
different results which involve ¢(u)/p terms (see remark following (2.33)). O

3.6.2 Corrected control limit with 73

For the second estimator 73 given in (3.12), insertion of (3.14) in (3.24) and ap-
plication of a second order Taylor expansion gives the approximation

—1 ——1 ~x * % *
thl(ag)(p) - Kh”(y;)(p) ~ As(Y5 —73) + B2 (35 —15)%,

2

with
A log 5 0.76981;12) +2.9854, /up — 4uy
2 = " 2
72 (1og %)
e —0.5773u; — 4.4781, /uy, + Suy,
V3 log ()
and
B logv3 70.38491%% — 1.4927\/U_p + 2u,
2 = 2 2
(72) (log u-f)
1 0.3849u12, +1.4927, /u, — 2uy 0.2887u12, +2.2391,/u, — 2.5u,
5)° ? i log(%)
(72) (log Z_:I) Uy

The following formulas give approximations for the moments of the estimators ji,
g, and 73, assuming that X5,..., X,, are i.i.d r.v.’s with distribution function Fp,
thus having expectation 0 and variance 1. We need these more general formulas in
Section 3.7. For the derivation of the correction terms and the proof of Theorem
3.6.2 we only need these formulas under K. In that case the error terms are
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[n+1—qn]

o(n™1). Writing z, = F; ' (1—¢q), ¢n = 1 — e Fylt(1—r),
1—
rp=1-— w we have for ¢ < r (if ¢ > r replace ¢(1 —r) by r(1 — q))
n

Fol(l—gn) Fo'(l-q) a(0-9f
Fll-rm) F'-r) 20z f§

(zq)

%

E®5 —3)

?Oyfo (y)dy ?yfo (y)dy
1 gl—r) = o 1
nx} | fo(xq) fo (zr) fo(zq) Jo ()

i d
mf_é(xT)Jr Tq r(l—r) 2iyf0(y) y+1

2nz?  fg nz} | [fo (z.)) fo (z)

o0

[ (W*=1) foly)dy

Tq

2nz, fo (2q)

Q

E(@ -1 —3) — s

oo

[ (W —=1) foly)dy

_ Tq T,
2nx? fo(xy)

— K3 ¢,

T yfo (y) dy ?Oyfo (y) dy

1 Z x
Ei(3— ) =~ SLAEN L | I
:LL (72 72 ) n, fO (mq) Ty fO (.177)
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1 g(1—q) ?yfo(y)dy
ox o%)\2 ~ - _ o%a
E®5 —73) nz? fo (xq)]2 2 fo (zq) +1
+x3 r(l—7) ZJ{yf()(y)derl
nat | [fo (x,)]? fo(@r)

o0 d o0
72% g1 —7) B qu yfo(y)dy . xfr yfo (y)dy .

nm% fo (mq) fo (mr) Jo (xq) Jo (xr)

Approximating V in a similar way as in Subsection 3.6.1 and noting that in case
of the normal power family we have Fy = K., fo = k, and f; = k!, we get

_,LL4 —1—

“8n hyt(y3)(P) + A2(Ca1 + Coz) + B2Cog, (3.34)

EV =~

with
Foll—g) F'(l—q q(-9f zgr (L—7) f§
O T RO Rz g0 e g
oo d o0
I (1) _x{yfo(y) y_x{yfo(y)dy+1
n:c% fo (xq) fo (zr) fo (ﬂfq) fo(zr)
P I _Qx{yfo(y)dy -
nad ) [fo (z,))? fo (@) ’
1 70 (v* 1) fo(y) dy N J (2= 1) fo () dy
Cn = 2nx, Jo (24) e 2n} fo (zr) s
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?Oyf (y) dy
0~ A )a0-9 n T
n} [fo(ﬂfq)]2 Jo(zq)
T)yfo(y)dy
393 r(l—r) e
and @) - @)

?Oyfo (y) dy ?yfo (y) dy
2z gl—r) = o 41
nm% fo (Iq) fo (IT) fo (xq) fo (x7)

By a similar approximation as in Subsection 3.6.1, for V? we have

1 -1
EV? ~ —4+H
n 4n

1 2 p3es—1

(Kiron @) + K o ()
(3.35)
—1

+A3C3 + 245 <024 + thl(yg)(p)cm) ;
with
. Jyfo(y)dy Jyfo(y)dy
Tq

T T
C = - 1 -q \Lr__ 1
4 nT, fo (2q) T, fo ()

For the normal power family we have pu; = 0 for odd ¢ and

Vvl (2v + %)

wy=EZ% =
T r(+ )

Moreover,

o(ug) {up™" +yu =27}

g = ()l folzg) = (7;"& foleg) = —

(1 +7)uq {e(m@+)}°
/yfo(y)dy = EZz se, =c()EZ" 155y, = c(7) 70301“@(30)@3

Tq
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o

/(y2 ~Dfoy)dy = BE(Z3-1Dlz5e, =FE { [e(v) 247" — 1} 1254,

Tq

oo

= / { [c(v)acp”}2 - 1} o(x)dr.

The estimated versions of EV and EV? are

//L\4—1—71 =

EV ~ ——— K71 (35)(p) + A2(Co1 + O + B2Cos (3.36)

and

—_ 1 //L\4 -1 ——1 2
EV? ~ o Fe (B )
(3.37)

~y ~ ~ — 1 ~
+A3C3 + 242 (024 + thl(a;)(p)cm) )
where 121\2, Eg, etc. are obtained from A;, Bs, etc. by inserting 75 for 75 and

where iy is obtained from p4 by inserting hy ' (33) for . Finally, the control limit
including the correction term using 74 is given by

u +hy ' (33)
1 1 1+h3 (73
{1+ A3)}e (hyt(R5)) up 2 02
(3.38)

N . _ — 1 —
it Kpaias)(p) — EV + S AEV?

with EV and EV? replaced by the right hand sides of (3.37) and (3.38), respec-
tively.

3.6.3 Recommended control limit

For the reasons mentioned earlier, the corrected control limit given in (3.33) is
computationally more complicated than (3.38). However, for practical implemen-
tation the correction term given by (3.38) is also rather complicated. Therefore, in
this subsection we present a simpler approximation and completely explicit con-
trol limit which can be applied straightforwardly. Basically, this control limit is
derived from (3.38) by fitting polynomials in v and u, to

Fy'(l-gn) Fo'(l—gq

) .
As, n [EV — As { — - —= and n x coefficient of .
Fo'(l=ry)  Fy'(l—r)
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This leads to the following control limit

¢3(9)

~ —— ~ ~ C4 (v
i+ (T -cr@eam - S nSAL g
where A =1,—1, or 1 —§ according to g (p) = p, g (p) = %, org(p)=1-(1 —p)k7
k = [0/p], respectively, and 7 is given in (3.15), and where moreover
Cl(y) = —1.23—0.63y + 0.737* + 0.74u, — 0.08vu, — 0.14v?u,,
-1 ([0‘95n+1]> I+
02y) = [ ——" ) gugsri,
p-1 ([0.75n+1]>
n+1
C3(y) = —10.86 — 27.77y — 22.3672 + 4.72u,, + 9.98vu, + 7.2972u,,
C4(y) = —87.23 — 147.89y — 104.29v* + 40.25u,, + 63.69vu,, + 44.477uy.

Remark 3.6.2 Incidentally, (X[0.95n+1]:n — 7) / (X[O.75n+1]:n — 7) may be neg-
ative. This happens with extremely small probability and therefore it does not
matter much how this is repaired; we may take e.g. the absolute value, leading to

Xi0.95n411m — X
5= 1.121810g< MD ~1.

— U
[0.75n+1]:n — X

Next, we will show that for the recommended control limit given in (3.39), Eg(P)
is close to g(p). Hence it fulfills the objective of reducing the bias. For the
estimators i, & and 5 we restrict attention to neighborhoods of u(= 0), o(= 1)
and . The error involved by this is presented in the following theorem. For
mathematical convenience the formal definition of the estimator 7 in the theorem is
the “exact” representation with 1/log(ug.05/u0.25) instead of its numerical value up
to four decimals 1.1218 (cf. (3.15)). Similarly, we use the “exact” form of C2 with
u0.05/Uo.25 instead of its numerical value up to four decimals 2.4387. The difference
due to this replacement is extremely small (e.g. I?V(K;I(p)) — K, (K;'(p)) with

5
7 = 1.1218log(uo.05/u0.25) 77 — 1 is of order 10~7) and is therefore ignored.

Theorem 3.6.1 Let X1,...,X, be i.i.d. r.v.’s with a normal power distribution
with parameter ~v. Then for each € >0

lim supn~ ™in( 2/049)) 10 P (|Y} >e€) <0, (3.40)
lim sup n~ ™ VA4 160 p (‘52 - 1‘ >e) <0 (3.41)

n—00
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and

lim sup n~ ™0 2/ Jog P (|95 — 4] > €) < 0. (3.42)

n—00

The following proof is based on large deviation theory. Note that for v > 1,
the moment generating function of X;, having a normal power distribution with
parameter v, does not exist and therefore the results of this theorem and the proof
are not quite standard.

Proof. Denote by X1y £ ... £ X(p) the order statistics of Xq,...,X, and let
Uy < ... < Uy be the order statistics of the random sample Uy, ..., U, from
a uniform distribution on (0,1). Let 0 < s < 1 be fixed and let j = j(n) satisty
nlLII;Oj/n = s. Then, for any € > 0,

P(X() > K, (s)+¢) = P(Uy > K, (K '(s) +¢))

= P<i 1Uz->Kv<Kf<s>+e>2"j)

L=

(3.43)
and by Chernoff’s theorem, see e.g. Bahadur (1971), we get
lim " log P (i§1U%>K7(K71(S)+E) >n —j) <0.
Similarly, we have
lim n~tlog P(X(j < K;'(s) —¢) <0
and hence
nlirlgo n~log P (| X — K '(s)| > ¢) <0. (3.44)
If 1 4+ v < 2, application of Chernoft’s theorem easily gives, for any € > 0,
lim n~'log P (|X|>¢) <0. (3.45)

n—oo

For 1+~ > 2, the moment generating function of X; does not exist. However, by
Nagaev (1969), see also Nagaev (1979, formulas (2.31) and (2.32) on page 764), it
follows that
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limsup =2/ 1og P (X > ) < lim n=2/(0+log P (X; > ne/2)

n—o0 n—oo

= nILIEO n=2/(1+7) Jog P (0(7) | Z)" sign(2) > ns/2) =—1 (5(22))2/(1+’Y) .
(3.46)
By symmetry, we get
P(X<-¢)=P(X>¢)
and hence we obtain for v > 1
hf?j’;p”d/(lﬂ) log P (| X| >¢) < f% (%)MM). (3.47)

In view of (3.45) and (3.47) we arrive at

limsupn™ min(1,2/(1+7)) log P (|Y| > 5) <0,

thus proving (3.40).

Since

P(|S?=1]>e) <P(|?-1]>¢,|X|<e)+ P (|X] >¢)

<r (5

zn: X7 -1)
1=1

n1)5n€21>+P(|7}>5),

it follows by an argument similar to that in the proof of (3.40) that (3.41) holds
true.

By continuity there exist for each € > 0 constants ¢; = ¢;(¢),7 = 1,2, 3 such that

P2 —7l>¢) < P(|Xqogsnsn) — K;'(0.95)] > 1)

+ P (|X([0‘75n+1]) - K,Y_l(075)| > 82) + P (|Y‘ > 63) .
The result now easily follows from (3.44) and (3.47). m

Assume that X;,..., X, are i.i.d. having a normal power distribution with pa-
rameter v and define

An(e) = {lal <&, |6* — 1| < e ]33 — 3] <<}

and A¢(e) its complement, then Theorem 3.6.1 implies
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P(AS(e)) <exp {—nnmi“(l’ 1/(“”))} for some 7 >0
and hence for each € > 0 we have

P(AS(e)) =o(n™ ') as n — oo.

1

Since V =1 + 6?;21 (p) — E; (p) (cf. (3.18) ) and 45 = hy ' (32%) ( cf. (3.14)),

Taylor expansion gives

~ . —1 —_
EV 14,6 = Epla, e +Ecla, oK, (p)—-K, (p)

1

athl( ) (p)

E5 ok 1 2 (7g

+E5 (72" = 75) MO Gy (3.48)
——1

K} 1(45) (p)

1 > Sk * 2
+§EU (V5 =) 1a, () 2

- +o(n™"),
3’722 (

where 14, (c) is the indicator function of the set A, (e).

Let
1 0K 10, (p)
—1——1 h;l 3
Dlu(y) = ~Ho =K () + {00 () + Onl)} —
2
(3.49)
——1
1 aQK}fl(’y*) (p)
-C 2 2
+3 23(7) e 7

where Ca1(7), C22(7y) and Ca3(7y) are Cay, Coe and Cas applied to the normal
power family with parameter . Then, using formulas derived in Subsection 3.6.2
we get

EV 14, = D1,(7) +o(n™").

Note that the formulas of Subsection 3.6.2 hold with error term o(n~!) when
X1,...,X, are i.i.d. having a normal power distribution with parameter ~.

Similarly, we have



3.6 Corrected parametric chart 93

~ 5 2 (—=—1 2
EV21A,L(€) = EM21A7L(E) + FE (UlAn(E) — 1) {K,y (p)}
0K, 1. (p) ’
s . oty D
+E 35 — %) 14, 728 (12)
Y2

. L o O 21 (s (D)
F2Eu (6 — 1) 1a,0)K, (p) +2E0 (V5 —73) Lla, (o050

o3
0K 2104 (p)
> P~ * 7 h;1 3 —
F2E(5 = 1) (35~ 28) Lo, 0, () — 5 2 +o(n)
2
(3.50)
and hence
EV214, ) = D2,(7) +o(n™")
with
K1 (p) ’
ol =1 = 2 hy () P
D) = LR W)+ Ol § —5
(3.51)
— 1
o 8K —1/ % (p)
1 h2 (')’2)
2 K Zhe E)
#2{Co() + K, )} —52
Noting that
——1 ——1
K (1-gq,) K. (1-
_11( qn) 7_11( 9) — oY)
K '(1-m) K, (1-7)

it is immediately seen that D1, (y) = O(n~!) and D2,(y) = O(n~1).

Remark 3.6.3 Inserting the numerical approximations Az and By given in Sub-
section 3.6.2 in D1,(v) and D2, () leads to the approximation D1, (v) of EV

and D2,,(v) of EV? given by (cf. also (3.34) and (3.35))
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DL = ~MR () + (O () + Coa(3)} Az + Cn() By

D2,(y) = % +E ! &' (p)}2 + Ca3(7) A2+ (3.52)

2 {024(’7) +Cn(VE, (P)} A,

where as before Co1 (), Ca2(7), Cas(y) and Cay(y) are Co1, Caa, Coz and Cay
applied to the normal power family with parameter ~. Note that As and Bs are
in fact also functions of 7y, see Subsection 3.6.2. O

Let

(i) = {013+ 302 [C s, (1) ) - 12 () )| oo

Since D1,(y) = O(n™1) and D2,(y) = O(n™1), we get

ECul(ﬁQ) = *Dln(ﬁ)’)‘i’%DQn(V) [

Let

C3 (72)

~ ~ ~ C4 (7
Cug(’yQ) = {—Cl (’}/2) C2 (72) — + A 7(]/72) } 1An(€)7 cf. (339) and (317),

then

Ecya(Fa) = —C1(7) C2(7) — C3() , ,\C40)

-1
- - +o(n™h).

The corresponding false alarm rates are denoted by P and P(?)| respectively,
that is

PO -, (F;l (p) +V + 6%(%)) =12
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The correction term c,2(7) is on the set Ay (g) the same as our recommended one.
So, apart from a set with extremely small probability, the false alarm rate of the
recommended control limit equals P(?). Define

Wylp2) = =Dl + 5D20) | Bk (F‘%m)%(?;l(p))]
{ C1 (1) C2 () — C(’y) n(’y)}’

then Fey(J2) — Bcua(32) = Wy(p,7) + o(n™1).

Theorem 3.6.2 Let X1,...,X,, Xpq1 be i.i.d. r.v.’s with a normal power dis-
tribution with parameter v. Let g be three times continuously differentiable at p.
Then for sufficiently small € > 0 we have

E {g (P(1)> 1An(5)} =g(p) +o(n™') as n — oo, (3.53)

and

|E{g(PW) 14,0} —E{g(P?) 14,0}

—1

(3.54)
< Wy )9 @)k, (B (0) |01 + o)

as n — oo. For g(p) = p we get ‘Wg(p,’y)g' (p) k-~ (f;l (p))‘ < 14.4p for —0.5 <

~v < 1,0.001 < p < 0.01 and hence a mazimal relative error equal to 14.4n~1 +
o(n~1) asn — oo.

If g is bounded, then E {g (P(j)) 1A$L(€)} =on ) asn — oo for j = 1,2 and
hence 14, (o) can be deleted in (3.53) and (8.54).

Proof. Let Xi,...,X,, X1 be iid. r.v.’s with a normal power distribution
with parameter 7. Let g be three times continuously differentiable at p and let
e > 0 be sufficiently small. It is easily seen that both Ec,;(52) and Ec,2(52) are
O(n~1') as n — oo. By Taylor’s expansion, noting that P (A% (g)) = o(n™1), we
get for j =1,2
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E {g (P(j)> 1An(5)} - F {g (E (?;1 (p)+V 1a,(0 + &cuj(%))) 1An(5)}
= 9) ~ E{V La, +5eu G} o 0y (K5 )

5BV Lo +oeu@)) {0 08 (K, 0) o )k, (K, ) }

+o(n™h)
= 90) ~ E{V Lo, +cui(32)} o' 0) i (B ()

F5EV? a0 {0 012 (K 1) — o 0K, (K ) } + oo™
= 9(0) ~{D1.() + Ben ()} o )k, (K, ()

150200 {o" 02 (K" ) — o )%, (K ) }

+{Ecu(3) - Bew ()} o' (0) by (K, (0) +o(n ™)

= 9(p) +{Bea(32) — Eews(32)} g (1) b (K, (0)) +0(n™)

as n — oo. This completes the proof of (3.53) and (3.54). Numerical calculations
show that \Wy(p,v)g" (p) kv (E;l (p))‘ < 14.4p for —0.5 < v < 1,0.001 < p <

0.01 when g(p) = p. If g is bounded, then E {g (P(j)) 1A%(E)} =0 (P(As(e))) =
on~!). m

Having developed the correction term, in the following section we perform a sim-
ulation study and some numerical calculations to evaluate the performance of the
recommended chart as compared to the normal chart. It turns out that the rec-
ommended chart given in (3.39) works very well both in reducing the model errors
and the stochastic errors.

3.7 Simulation and other numerical results

A simulation study is performed to see to what kind of improvement the various
steps lead: firstly, extending the restricted model of normality to the larger model
of the normal power family and secondly, the application of the correction terms
in the larger model. For comparison we also consider the restricted model with
correction terms. In the simulation study we want to cover the restricted model
of normality, the normal power family and distributions outside the normal power
family (but not too far away from it).

As criterion we take P and compare this to p. In terms of Section 3.6 this means
that we take g(p) = p in the simulation study. Similar results as presented here
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hold for the other mentioned functions cf. (2.3). In the simulations we always
choose p = 0.001 and for n we take 100,250 and 500. Our main attention is
focused on n = 100, since nowadays large samples are usually not available. The
columns at the following tables with n = 250, 500 give an impression of the rate of
convergence. The number of repetitions in the simulation study equals 100, 000.

In the simulation study we take the following distributions (with =0, o = 1):
®: standard normal distribution function;

K.: normal power distribution function with v = —0.5,—-0.25,0(= @), 0.25,
0.5,0.75, 1;

T: standardized Student distribution function with 6 degrees of freedom;
RM: random mixture: %(I) + %T;

DM: deterministic mixture, given by: DM~ = ¢* {(I)_l + T_l} with ¢* a con-
stant to ensure unit variance;

TU: Tukey’s A-family, with A = —0.1, A = 0 (standardized logistic distribution),
A = 0.14 (very close to the standard normal (outside the tails!));

O: Orthonormal family with k = 3 and (<1, ¢2,¢3) = (—0.1,—0.1,0.1).

We also calculate numerically two approximations, denoted by Appl and App2.
The first approximation of EP, Appl, is obtained by taking into account conver-
gence up to order o(1). Since the correction terms are of order O(n '), this means
that both for the uncorrected and the corrected control limit Appl equals F (up)
with Fp the distribution function of ¢! (Xn+41 — i) when the supposed model is

normality and Fy (7; ! (p)) with + the suitably chosen point given by (3.16) when

the supposed model is the normal power family. Hence the first approximation is
related to the (restricted) model error by Appl = p+ (R)ME, see (3.2) and (3.5).

The second approximation is obtained by expanding EP up to terms of order
O(n~1'). Note that there are no O(n~1/2)-terms. In general the derivation of
these formulas is as follows. We get, with V' given by (3.18),

EP = E{F (K, (0)+V +5cu)}.

In the uncorrected case we have ¢, = 0. Furthermore, when dealing with the
restricted model of normality, we take 7;1 (p) = up and V = X + Su, — uy,.
Typically we have that EV and EV? are of order O ('), and E |V|k =o(nt)
for £ > 3. The correction term ¢, for correcting the bias typically is of order

O (n’l). Let Fy have density fy. Ignoring terms of order V* for k > 3 and terms
of order ¢, (5 — 1), ¢,V and (cu)k for k > 2, Taylor expansion gives
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EP T (K 0) ~ o (K, ) BV +e) = 5BV (R ). (3.59)

App?2 is obtained from the right-hand side of (3.55) by taking suitable approxima-
tions of E (V + ¢,) and EV?2. The formulas are given below in the corresponding
subsections.

In the following subsections, we consider four cases of the supposed model : nor-
mality without correction, normality with correction, normal power family without
correction and normal power with correction. In the latter cases we only use the
recommended 7 estimator for the normal power family. Recall that the control
limit depends on the supposed model, on the estimators of the parameters and
on whether we make a correction or not. For convenience the unit in the tables
equals 0.001, thus, for instance, 1.25 means 0.00125.

3.7.1 Supposed model: normality, no correction

As mentioned in the former chapter, assuming that we are in the restricted model
of normality and applying no correction for using estimators, the control limit
simply equals

X + Styp.
For the first approximation of the expected (observed) false alarm rate we get
Appl = Fy (up) = p+ RME with F the distribution function of =1 (X, 11 — p).

The second approximation of EP equals, cf. also (3.28),

(pa = 1) fo (up)up o (up) {1+ paup + 3 (na — Dup}

App2 =F
PP O(up)+ 8n 2n

where py is the k™ moment under Fy.

The simulation results, the first and second approximations are presented in Table
3.3. It is seen from Table 3.3 that the false alarm rate may be completely wrong
if we are not in the restricted model, that is if normality does not hold. This
confirms previous results of e.g. Chan et al. (1988) and Pappanastos and Adams
(1996). However, they only give the total error. By splitting up the total error
in the restricted model error and the restricted stochastic error more insight is
obtained about the roles of misspecification on the one hand and estimation of the
location and scale parameter on the other hand.



3.7 Simulation and other numerical results 99

The restricted model error RM E is the difference between Appl and 0.001 (= p).
It is illuminating that, while in the middle of the distribution there is hardly any
difference between T'U(0.14) and the standard normal distribution, the far tails
are different. The effect of this difference is clearly seen by comparing TU(0.14)
and ® in Table 3.3. Often it is also stated that in the middle there is not much
difference between normal and logistic distributions. Comparison of TU(0) and ®
in Table 3.3 shows that for the problem at hand sloppy inspection of the data in
the middle, leading to the conclusion that “normality is not so bad” may produce
serious errors.

Apart from the misspecification the effect of the estimation is also not negligible.
Due to the estimation the total error becomes substantially larger in case of positive
RM E’s, which may occur in practice more often than negative RM E’s. In the
latter situation the total error is compensated by the (positive) restricted stochastic
error. This, for instance, occurs for TU(0.14). However, such compensation is
in an uncontrolled way and may be far too small (see K_g25) or may lead to
overcompensation (TU(0.14), n = 100).

Table 3.3 Simulated expected (observed) false alarm rate without correction for
the estimation of the mean and variance and corresponding first and second ap-
proximation assuming normality as model. The unit in the table is 0.001.

Fy simulation Appl App2

n =100 | n =250 | n =500 n =100 | n =250 | n =500
i) 1.36 1.14 1.07 | 1.00 1.33 1.13 1.07
K_o5 0.00 0.00 0.00 | 0.00 0.00 0.00 0.00
K_o.25 0.06 0.03 0.03 | 0.02 0.05 0.03 0.03
Ko.25 4.44 3.96 3.81 3.66 4.39 3.95 3.81
Ko 7.70 7.01 6.79 | 6.58 7.67 7.02 6.80
Ko.75 10.31 9.45 9.15 | 8.86 10.30 9.44 9.15
K, 12.13 11.01 10.71 | 10.35 12.17 11.08 10.71
T 5.30 4.87 4.72 | 4.56 5.37 4.89 4.73
RM 3.31 2.99 2.89 | 2.78 3.34 3.00 2.89
DM 3.45 3.13 3.03 | 2.92 3.43 3.13 3.02
TU(-0.1) 6.61 6.07 5.89 | 5.71 6.66 6.09 5.90
TU(0) 4.29 3.91 3.79 | 3.67 4.26 3.90 3.79
TU(0.14) 1.21 0.98 0.91 0.85 1.19 0.98 0.91
(0] 2.81 2.39 2.26 | 2.13 2.76 2.38 2.26

Clearly, Appl gives an impression of E P, the expected false alarm rate, but is not
very precise. App2 gives a very good prediction of the simulation.
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3.7.2 Supposed model: normality, with correction
Assuming that we are in the restricted model of normality and applying the suit-

able correction term for using estimators as developed in Section 2.3.1, cf. (2.33)
but note we use & instead of &, the control limit equals

— Su
X+ Sup + - (u +3)

The correction term is of order O(n~!) and hence Appl is the same as in Table
3.3. In view of (3.55), cf. also (3.28), we get

_ U 1
App2 = FO(“p)‘fO(“p)_p U§+3__(N4_1)
in 2
1., 1+ pgup + 5 (pa — 1) 12
*ifo(up) o .

It is seen that indeed App2 = p for Fy = .

The simulation results, the first and second approximations are presented in Table
3.4. Note that Appl is the same as in Table 3.3.

It is seen from the row denoted by ® in Table 3.4 that the correction for estimation
of the parameters works very well, see also Subsection 2.3.1 for more details.
Comparison of Table 3.3 and Table 3.4 shows that the correction reduces the
stochastic error not only for the normal distribution, but for the other distributions
as well, thus bringing the total errors closer to the restricted model error.

Nevertheless, if normality fails still the false alarm rate may be completely wrong
due to the restricted model error. As a consequence of the bias correction, Appl
and App2 are much closer to each other. Again, App2 gives a very good prediction
of the simulation.
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Table 3.4 Simulated expected (observed) false alarm rate with correction for the
estimation of the mean and variance and corresponding first and second approxi-
mation assuming normality as model. The unit in the table is 0.001.

Fy simulation Appl App2

n =100 | n =250 | n =500 n =100 | n =250 | n =500
i) 1.01 1.00 1.00 1.00 1.00 1.00 1.00
K o5 0.00 0.00 0.00 0.00 0.00 0.00 0.00
K _o.25 0.03 0.03 0.02 0.02 0.03 0.03 0.02
Ko.2s 3.68 3.67 3.66 3.66 3.65 3.66 3.66
Ko 6.72 6.63 6.60 6.58 6.71 6.63 6.61
Ko.7s 9.27 9.03 894 | 8.86 9.28 9.03 8.95
K, 11.10 10.67 10.51 | 10.35 11.17 10.68 10.51
T 4.64 4.61 4.59 | 4.56 4.73 4.63 4.60
RM 2.80 2.80 2.79 2.78 2.86 2.81 2.80
DM 2.89 2.91 2.93 2.92 2.90 2.91 2.92
TU(-0.1) 5.86 5.78 5.75 5.71 5.94 5.80 5.76
TU(0) 3.63 3.65 3.66 3.67 3.62 3.65 3.66
TU(0.14) 0.87 0.85 0.85 0.85 0.87 0.85 0.85
0] 2.18 2.15 2.14 | 2.13 2.16 2.14 2.14

3.7.3 Supposed model: normal power family, no correction.

In the present subsection we assume that the observations are from the normal
power family and that we use the recommended 7 based on quantiles in the ordi-
nary tail. Then the control limit without correcting for the estimation equals

X +SK5 (p).

The first approximation of the false alarm rate is given by Appl = F (f; ! (p))

with v the suitably chosen point given by

——1

F .
v =1.12181og w —1. (3.56)
F, (0.25)

It is related to the model error by F (KA/ (p)) =p+ ME, cf. (3.5). Inserting
¢, = 0 in (3.55) the second approximation of EP equals

——1

App2 =Ty (K, ) — o (B, ) P~ 552055 (K, ()

with bvln and 172n the approximations to EV and EV? given by the right hand
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sides of (3.34) and (3.35), respectively. The involved moments ; should be taken
under Fj.

Table 3.5 Simulated expected (observed) false alarm rate using 7 as estimator
without correction for the estimation of the mean, the variance and the parameter
~v and corresponding first and second order approximation assuming the normal
power family as model. The unit in the table is 0.001.

Fy simulation Appl App2

n =100 | n =250 | n =500 n =100 | n =250 | n =500
P 2.53 1.59 1.27 1.00 2.26 1.52 1.25
K_o5 3.41 1.92 1.42 | 1.00 3.15 1.89 1.43
K_o.25 2.73 1.66 1.30 1.00 2.50 1.63 1.30
Ko.25 2.39 1.54 1.25 | 1.00 2.15 1.48 1.23
Kos 2.34 1.51 1.23 1.00 2.11 1.46 1.22
Kos 2.33 1.51 1.23 1.00 2.12 1.46 1.22
K, 2.34 1.51 1.23 | 1.00 2.18 1.48 1.24
T 4.68 3.78 3.39 | 3.08 4.56 3.73 3.38
RM 3.63 2.76 243 | 2.16 3.44 2.71 2.42
DM 3.78 2.90 2.57 2.28 3.61 2.85 2.55
TU(-0.1) 4.92 3.97 3.58 | 3.25 4.79 3.93 3.56
TU(0) 3.96 3.00 2.63 | 2.33 3.75 2.94 2.61
TU(0.14) 2.33 1.41 1.08 | 0.81 2.11 1.35 1.07
O 2.18 1.23 0.94 0.69 1.82 1.15 0.91

The simulation results and the first and second approximations are presented in
Table 3.5. Compared to Tables 3.3 and 3.4 it is seen from Table 3.5 that the differ-
ence between the expected (observed) false alarm rate and the required value 0.001
is seriously reduced by considering the normal power family as parametric model.
Moreover, when the restricted model of normality holds, the loss is not large. The
second approximation gives a very good prediction of the simulation throughout
the table. This makes it rather easy to analyze and predict the behavior of the
control chart under all kinds of distributions.

3.7.4 Supposed model: normal power family, with correc-
tion.

In order to improve the performance of the parametric chart by reducing the
produced SF, in this subsection we apply the corrected control chart as given in
(3.39). In this case, the control limit equals

_ {Fgl(p)01(a)02(a)C3T@>+C4T@)}.
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The correction term is of order O(n™!) and hence Appl is the same as in Table
3.5. The second approximation equals, with v the suitably chosen point given by
(3.56),

1

App2 = Fy (FJ (p)) —%ff%fé (?J '

(p))
10 (%, ) {1, - 1y c2) - 0L S0

n

with 51” and 52,1 the approximations to EV and EV? given by the right hand
sides of (3.34) and (3.35), respectively. The involved moments u; should be taken
under Fy.

Table 3.6 Simulated expected (observed) false alarm rate using 7 as estimator and
the recommended version of the control limit with correction for the estimation of
the mean, the variance and the parameter v and corresponding first and second
approximation assuming the normal power family as model. The unit in the table
is 0.001.

Fy simulation Appl App2

n =100 | n =250 | n =500 n =100 | n =250 | n =500
P 1.14 1.05 1.02 1.00 1.06 1.02 1.01
K o5 0.77 0.93 0.97 | 1.00 1.06 1.02 1.01
K_o.25 1.02 1.01 1.01 1.00 1.08 1.03 1.02
Ko.25 1.16 1.05 1.02 | 1.00 1.02 1.01 1.00
Kos 1.18 1.05 1.01 1.00 1.01 1.00 1.00
Ko.75 1.20 1.05 1.01 | 1.00 1.03 1.01 1.00
K 1.21 1.06 1.01 1.00 1.08 1.03 1.02
T 2.91 3.04 3.03 | 3.08 2.80 2.99 3.03
RM 2.09 2.14 2.14 2.16 2.02 2.11 2.13
DM 2.13 2.21 2.24 | 2.28 1.99 2.18 2.22
TU(-0.1) 3.12 3.21 3.21 3.25 2.96 3.17 3.19
TU(0) 2.24 2.28 2.28 2.33 2.02 2.22 2.26
TU(0.14) 1.00 0.90 0.85 | 0.81 0.98 0.88 0.84
0 0.95 0.78 0.73 | 0.69 0.86 0.75 0.72

The simulation results, the model error and the first and second approximations
are presented in Table 3.6. Table 3.6 shows that the correction for estimation
of the parameters works very well, leading to EP (very) close to p for distribu-
tions from the normal power family. Comparison with Table 3.4 shows that the
corrected control limit based on 4 performs much better than the corrected stan-
dard control limit based on normality. Both the restricted model error and the
restricted stochastic error are reduced to an acceptable level by the recommended
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control limit. App2 gives a very good prediction of the simulation, thus making
it easy to analyze and predict the behavior of this control chart for all kind of
distributions.

The recommended control limit gives a simple explicit control limit with small
total error in the normal power family and reasonable total error for distributions
outside this family.

3.8 Discussion

We start the discussion by answering the questions posed in Section 3.2. In this
section, each question will be treated in a separate subsection.

3.8.1 Normality holds

Firstly, suppose that normality holds, then the questions to discuss are : How
large is the difference between SE and RSE? Can RSE and SE be
reduced by (simple) corrections? How large are the corrected SE and
the corrected RSE?

The simulated expected RSE when applying the uncorrected control limit and its
(first and second) approximations are found in Table 3.3 on the row containing ®
by subtracting p = 0.001 (that is 1 unit) from the corresponding entry. Similarly,
again applying the uncorrected control limit the simulated expected SE and its
approximations are found in Table 3.5 on the row containing ®, again subtracting
1 unit. It is seen that without correction indeed SFE is larger than RSE. However,
by making the appropriate corrections the differences disappear: all the corrected
versions are close to 0.

We may conclude that the larger SE in the uncorrected control limit can be
accurately repaired by an appropriate correction term.

3.8.2 Observations from the normal power family

Now, suppose that the observations are drawn from the normal power family. In
this case, questions like : How bad can RMFE be? How does this balance
with the larger SE? Can RSE and SE be reduced by (simple) correc-
tions? How large are the corrected RSE and the corrected SE, when
the observations are from the normal power family? are the interesting
topics to discuss.

Concerning RM E, which has been discussed more extensively in Section 3.2 and
3.5, the conclusion is clear: RME can be quite large. In the situation where no
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correction takes place we consider the balance between the larger SE and the
possibly large RM E. Therefore, we compare the results of Table 3.5 with those of
Table 3.3 for the distributions K,()'f,, K,()V25, K()V25, ]"{()57 K()V75 and Kl. It is seen
that RME has a larger effect than SE. Moreover, SE can be corrected, while
RM E remains.

Recall that RSFE refers to the situation where the supposed model is normality.
Therefore, the corresponding correction terms are based on this assumption. The
correction is not tailored to the normal power family. How well the correction
still helps in these kinds of situations is seen by comparing the lines containing
K_0_5, K_0_25, I(0_257 K0.5, K0_75 and K1 in Table 3.4 and Table 3.3. RSFE reduces
also for these distributions, but due to the large RM E the total error is still (very)
large.

The corrected SE is quite small, see the lines containing K_g.5, K_o.25, Ko.25,
K()‘5, K()‘75 and K1 n Table 36

3.8.3 Outside the normal power family

In the case that the observations are drawn from outside the normal power fam-
ily, the following questions are quite interesting to discuss: How large are the
uncorrected and corrected SE and the uncorrected and corrected RSFE,
when we are outside the normal power family and MFE is not too big?
How is the total error when applying the corrected control limit with
as supposed model the normal power family and how does this compare
with the total error when applying the corrected control limit with as
supposed model normality?

From the lines containing T, RM, DM, TU(-0.1),TU(0), TU(0.14), O in Tables
3.5 and 3.6 it is seen that the uncorrected SF is substantially improved by appli-
cation of the correction terms (even although they are derived for the parametric

model). Also when supposing normality the correction is very helpful, see the lines
containing T, RM, DM, TU(-0.1), TU(0), O in Tables 3.3 and 3.4.

With respect to the total error the lines containing T, RM, DM, TU(-0.1), TU(0),
TU(0.14), O in Tables 3.3 — 3.6 show the following. The total error is often very
large when using the classical normal control limit, due to a high restricted model
error (and a restricted stochastic error, when no correction is applied). As a first
step the total error is considerably reduced by application of the normal power
family with, secondly, a further great improvement by taking the correction terms
into account.
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3.8.4 Out-of-control

Finally, we focus on discussing the possibility that we have an out-of-control situa-
tion. In this case, we try to answer the following questions: What is the impact
on the out-of-control behavior of the chart? Does the process stop at a
reasonable time when it has gone out-of-control?

Avoiding (apart from a small probability) stopping unexpectedly early during the
in-control period is of course desirable, but this should not be achieved by typically
stopping much later once the process has gone out-of-control. Thus let X, 41 come
from a shifted distribution function F(x — A). For simplicity, and without loss of
generality, we again let © = 0 and ¢ = 1 and thus work under the standardized Fg.
The shift A is such that the probability of detecting the shift when the distribution
is completely known, that is

~ = [=-1
p:FO(FO (p)_A>7
is no longer extremely small, like p.

The out-of-control behavior is seen from the results in Table 3.7. For the same
distributions as used in Tables 3.3 — 3.6 we have performed simulations under
Fo(x — A). For each Fy we have selected two values of A such that reasonable
values of p result. Usually, A = 2 and A = 3 will do, but as v moves away from
0, the values A =1 or A = 4 can become more appropriate.

It is seen from Table 3.7 that repairing the damage during in control does not
destroy the out-of-control behavior. Even compared to the situation of exactly
knowing the distribution, which rarely occurs in practice, the recommended con-
trol chart does not loose that much when considering a shifted distribution. For
instance, when normality holds and a shift of 2 standard deviations occurs, the
probability of detecting such a shift goes from 0.138 to 0.101 (n = 100), 0.120
(n = 250) or 0.128 (n = 500). With these probabilities correspond average run
lengths going from 7.3 to 9.9 (n = 100), 8.3 (n = 250), or 7.8 (n = 500), which
indeed is not a tremendous change. For distributions outside the parametric model
there may be even a gain w.r.t. the case of completely known distribution, which
is due to the model error, see Table 3.6.

From the discussion above as well as the tables presented in Section 3.5 we con-
clude that the use of a classical normal control limit very often leads to a large
total error. This is mainly due to the large restricted model error. Although the
correction for estimating the mean and the variance is very useful in reducing the
restricted stochastic error (even when normality does not hold), the model error
often dominates and causes a large total error.

In comparison, the (corrected) control limits based on the normal power family
work very well, also outside the normal power family. The recommended control
limit is completely explicit and can be calculated quite straightforwardly. It has a
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very good approximation (App2), which makes it possible to predict in an accurate
way the behavior of this control chart under all kind of distributions. The out-of-
control behavior is still reasonably good, meaning that the process will stop at a
reasonable time when it has gone out-of-control.

Table 3.7 Simulated values of Fa P, the expected (observed) probability of pro-
ducing an out-of-control signal under Fy(z — A), using 7 as estimator and the
recommended version of the control limit with correction for the estimation of the
mean, the variance and the parameter v, with in the column p, the probability of
producing an out-of-control signal when the distribution is completely known.

Fy A P n

100 250 500
0.138 0.102 0.120 0.128
0.464 0.346 0.410 0.436
0.227 0.144 0.190 0.208
0.500 0.477 0.496 0.499
0.058 0.040 0.049 0.053
0.355 0.261 0.314 0.335
0.049 0.043 0.046 0.047
0.210 0.168 0.190 0.199
0.082 0.083 0.080 0.080
0.300 0.257 0.292 0.305
0.036 0.046 0.038 0.036
0.119 0.151 0.141 0.129
0.018 0.029 0.021 0.019
0.053 0.097 0.072 0.059
0.016 0.068 0.072 0.071
0.088 0.254 0.297 0.311
0.040 0.081 0.091 0.095
0.217 0.293 0.349 0.372
0.045 0.082 0.092 0.097
0.234 0.295 0.353 0.377
0.012 0.055 0.055 0.054
0.052 0.213 0.237 0.244
0.036 0.070 0.076 0.078
0.188 0.259 0.306 0.325
0.148 0.099 0.118 0.126
0.481 0.339 0.406 0.431
0.097 0.062 0.071 0.076
0.340 0.224 0.263 0.280

RM

DM

TU(—0.1)

TU(0)

TU(0.14)

~
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3.9 Concluding remarks

The failure of the normality assumption imposed on the underlying distribution
causes model error and stochastic error. Section 3.2 exposes the problem at
hand by discussing the notion of these errors in the restricted and general model.
Some questions related to restricted stochastic error (RSE), restricted model er-
ror (RME), stochastic error (SE) and model error (M E) are well thought-out in
this section. From the discussion and example given in this section it is seen that
RMEFE can be quite large. Often RM F is several factors larger than the prescribed
p. Therefore, if normality fails, there is a need for a larger model, thus reducing
the model error.

In general, extending the normal family to a larger model causes some techni-
cal difficulties due to the comprehensive conditions and precision required for an
appropriate general model. Among the suitable models discussed in Section 3.3,
only the normal power family seems to be tractable. Hence this family, which has
parameters (i, o, 7), is chosen to be the general model and used to construct a
new parametric control chart. Section 3.4 presents the characteristics of the new
chart. The estimated control limit of this chart is given in (3.8), where + can be
estimated using (3.10) or (3.14). However, our recommended v estimator is given
in (3.15).

As shown in Section 3.5, applying the new parametric model to the control limits
manages to reduce most of the model errors substantially. The new model however,
increases the stochastic errors due to the estimation of the additional parameter
~. To improve the performance of the parametric chart, a correction term based
on the bias criterion is developed in Section 3.6 and applied in the control limit cf.
(3.17). Using the first v estimator, the corrected control limit is given in (3.33),
while if we use the second ~ estimator, the corrected control limit is given in (3.38).
Since these control limits are not so easy to calculate, we recommend a simpler
control limit which is given in (3.39).

To evaluate the theoretical results as well as the performance of the recommended
chart as compared to the normal chart we perform a simulation study and some
numerical calculation in Section 3.7. Firstly, we use normality, followed by a nor-
mal power family as a supposed model. Each model is evaluated without and with
the corresponding correction term. The results show that the recommended chart
works very well both in reducing the model errors and the stochastic errors for
distributions from the normal power family as well as for distributions outside the
normal power family. Also in this section we calculate numerically two approxi-
mations of FP, the expected false alarm rate. The first approximation, Appl, is
obtained by taking into account convergence up to order o(1). The second approx-
imation, App2, is obtained by expanding EP up to and including terms of order
O(n~1'). The numerical result shows that although Appl gives an impression of
EP, it is not very precise. On the other hand, App2 gives a very good prediction
of the simulation.
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Finally, section 3.8 is devoted to discuss the questions posted in Section 3.2. Subse-
quently we evaluate the case when normality holds, the case when the observations
are drawn from the normal power family, the case when the observations are drawn
from outside the normal power family, and the case of an out-of-control situation.

From the discussion presented in this section, we conclude that the classical normal
control limit is unreliable with often a very large total error, mainly due to the
large RM E. Although the correction for estimating the mean and the variance is
very useful in reducing the RSFE (even when normality does not hold), the model
error often dominates and causes a large total error.

As a solution to this problem, we propose (corrected) control limits based on the
normal power family which turn out to work very well, also outside the normal
power family. Our recommended limit as given in (3.39) is completely explicit and
can be calculated quite straightforwardly. It has a reliable approximation (App2),
which makes it possible to predict in an accurate way the behavior of this control
chart under all kind of distributions. Moreover, the out-of-control behavior is not
dropping off dramatically; the process will stop at a reasonable time when it has
gone out-of-control.






Chapter 4

Parametric Approach:
Controlling the exceedance
probability

Common control charts assume normality and known parameters. Quite often
these assumptions are not valid and large relative errors result in the usual per-
formance characteristics, such as the false alarm rate or the average run length.
A fully nonparametric approach can form an attractive alternative to solve such
problem, but requires more Phase I observations than are usually available in
practice. Sufficiently large parametric families then provide realistic intermediate
models.

Continuing what has been done in the previous chapter, the performance of charts
based on a normal power family is considered in the present chapter. Exceedance
probabilities of the resulting stochastic performance characteristics during in-
control process are studied. Corrections are derived to ensure that such prob-
abilities stay within prescribed bounds. Attention is also devoted to the impact of
the corrections for an out-of-control process. Simulations are presented both for
illustration and to demonstrate that the approximations obtained are sufficiently
accurate for use in practice.

4.1 Introduction

In Chapter 3, the problem caused by imposing the normality assumption on the
underlying distribution is discussed. In the case that the actual observations are
not from the normal family, very large model errors, which reflect the difference
between the assumed model and the true model, may occur. The greater the differ-
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ence between the two models, the larger the model errors that may be produced.
To deal with this problem, the previous chapter proposes a parametric control
chart having a normal power family as the supposed model. It has been shown in
that chapter that the new chart is able to reduce the model errors from various
distributions substantially. However, this parametric chart also causes a serious
stochastic error as a result of estimation of an additional parameter. Therefore, in
order to reduce this stochastic error, a correction term based on a bias criterion
has been developed in the same chapter. The corrected parametric chart is shown
to perform very well, both in the in-control and in the out-of-control situation.

Briefly reviewing what has been discussed up to now, consider the following stan-
dard control chart procedure: the mean of a production process is monitored by
means of a normal chart. Each new value is compared with a given upper and
lower limit and an out-of-control signal results if either one of these two limits
is exceeded. Usually normality of the distribution involved is taken for granted
and it only remains to estimate its parameters using Phase I observations. The
outcomes are plugged into the expressions for the limits and the estimated chart
is expected to behave as if it were based on known values. However, by now it is
known that this unfortunately is too optimistic. To explain why this is so, note
that the desired value p for the probability of getting a signal while in fact the
in-control situation still persists, usually is extremely small, like p = 0.001. Now
the estimation error based on a common sample size like 50 will in itself be rather
small. However, in comparison to a value like 0.001, the error will be unpleasantly
large. In other words, the relative errors involved will be much larger than antic-
ipated. This results in an increased rate of very short runs and also a few more
very long runs between false signals.

This situation can be repaired by applying suitable corrections to the estimated
limits. In the previous chapter, a bias criterion under the following scenario is
used to derive a correction term for the control limit. Due to the estimation, p is
replaced by a stochastic version P,, where n is the number of Phase I observations
used and typically Eg(P,,) will differ considerably from g(p) for the usual functions
of interest (see (2.3)). For each of these three choices, suitable corrections have
been derived in Section 2.3. In this way the n required in order to arrive at an
acceptably small bias, can be brought down from about 300 to about 40. This is
gratifying, but we should realize that the bias criterion is rather mild, as it only
corrects the average behavior of the chart over a long series of applications.

If instead we are more interested in what may happen for a single application,

we should focus on the distribution of the random variable P, around p, rather

than just look at its average behavior (or that of g(P,)). The fact that this

distribution typically is asymptotically normal, clearly implies that P(P, > p)

will tend to % as n becomes large. The bias corrections mentioned above merely

speed up this convergence and help to avoid that one has to start for smaller n
1

with exceedance probabilities well above this 5. Thus quite naturally, p will be

close to the 50%-quantile of the distribution of P,,. Obviously, this can be felt to be
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much too liberal, and hence that it is important in control chart implementation
to correct the estimated limits in such a way that p will be (close to) the upper
a-quantile of the distribution of P,, for some sufficiently small «, like 0.1 or 0.2.
In other words, it is desired that the distribution of P, is shifted to the left such
that P(P, > p) = a. A slightly relaxed version of this criterion is obtained by
allowing the upper a-quantile in question to equal p(1 + ), rather than p itself,
for some small ¢ > 0, like ¢ = 0.1. In this way, only in a fraction a of the
applications, one is faced with a value of P,, which is really too large in the sense
that it exceeds not only p, but even p(1 + ¢). Using once more the functions g
then finally leads to requiring P(g(P,) > ¢g(p)(1 + €)) = « for increasing g and
P(g(P,) < g(p)(1 —€)) = « for decreasing g. Clearly, for € = 0, g plays no role,
as e.g. P(P, >p)=P(1/P, <1/p).

It is good to note that the so obtained exceedance criterion has to be interpreted
with some care, as two steps are actually involved. First, one has the probability
of getting a signal, which occurs if a limit of the chart is exceeded. As these limits
are estimated, this probability P, will be stochastic, as it depends on the Phase
I observations used. The next step involves the form of exceedance on which the
criterion focuses: does the P,, obtained in its turn exceed some reasonable bound
like p(14¢€)? Also observe that the criterion amply allows to study the behavior of
the run length (RL) distribution itself, and not just that of the signal probability
P,. As mentioned above, the (conditional!) expectation 1/P,, which is the now
stochastic ARL, can be monitored. Or likewise, P(RL < k) =1 — (1 — P,)* can
be compared to {1 — (1 —p)¥}(1 +¢).

Adaptations of this second type are obtained in Subsection 2.3.2 for each of the
three types of g under consideration. As this second criterion is more strict, it is
not surprising that the corresponding corrections are of a larger order of magnitude
than those required for the bias case. In fact, the orders involved are n=/2 and
n~1, respectively. Consequently, the impact on the out-of-control behavior will
also be stronger when using this exceedance probability criterion. Note that this
could mean a serious problem: if bringing the in-control behavior under control
(i.e. getting g(P,) sufficiently close to g(p) in a suitable sense) would result in
a substantially lowered detection power once the process goes out-of-control, the
price for the protection might be judged to be too high. Fortunately, however,
the effects during the out-of-control stage will typically be sufficiently moderate.
To understand why this is the case, note that during this stage the extremely
small p from the in-control situation has increased to some p; which may still be
small, but no longer extremely so. The change caused by applying a correction to
the estimated control limits will be of the same order of magnitude for p and p;.
However, in terms of relative change, the impact on p; will be much more mild.

Hence according to the above, the practitioner can choose between a weak and a
strong form of protection, at a low or moderate price, respectively, and it may seem
that the problem has been satisfactorily solved. However, note that actually we
have only repaired the effect of the unwarranted assumption that estimation effects
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are negligible. The other dubious assumption, according to which the distribution
involved is simply normal, still stands. In fact, this second assumption is even
more cumbersome. As n increases, eventually the estimation effects will decrease
and SE will become negligible. On the other hand, deviations from normality
cause an M E that does not go away, no matter how large n is chosen. Again the
extremity of the quantiles involved transforms this into a major problem: in the
middle of the distribution, the normality assumption may be reasonable, but in
the far tail the relative errors caused can be unacceptably large.

A logical next step thus is to acknowledge the possibility of an M E and to search
for a compromise which keeps this M E within bounds without letting the SE
explode. To see that the latter can easily happen, just go from the simple nor-
mal model to the other opposite, the fully nonparametric model. There, using
the empirical quantiles, the M E indeed vanishes. But for typical configurations
like p = 0.001 and n = 100, the stochastic error will clearly be overwhelming.
Consequently, a family which is larger than the normal, but still parametric, is an
attractive type of compromise to look for. Such families were studied in Section
3.4 and there a specific choice, based on the normal power family, was demon-
strated to work well (see Section 3.5). For a broad class of distributions, the M E
is controlled much better using this choice than under the simple normal model,
where unacceptably large errors occur. The price for this improvement is of course
a somewhat higher SE: here not only the mean and standard deviation need to
be estimated (as in the normal model), but also the best fitting member of the
available parametric family. But for such a parametric family as well, corrections
can be derived to bring the SE under control. In analogy to the normal case, again
two types of criterion suggest themselves: bounding the bias versus bounding the
exceedance probability. The focus of Chapter 3 is on the bias reduction and it
was shown that with respect to this criterion, accurate control limits can indeed
be obtained.

In view of the above it is clear that it is of great interest to study parametric
charts when the criterion is based on exceedance probabilities, and this will be
the topic of the present chapter. From the four situations, normal chart with
bias correction, normal chart with exceedance probability as criterion, parametric
control chart with bias correction and parametric chart dealing with exceedance
probability, the latter is the most ambitious one. We will now simultaneously try
to control the occurrence of unpleasant values of P,, as well as the occurrence of
M E’s which are unacceptably large. The question will be whether this still can
be achieved for reasonable sample sizes without destroying the power of detection
during the out-of-control situation.

The present chapter is organized as follows. In Section 4.2 the characteristics of
the parametric chart are briefly reviewed, then correction terms are derived based
on the exceedance probability criterion in the following section. Such corrections
are indeed larger than those of the bias criterion since the new criterion is more
severe. Section 4.4 again specializes to the normal power family and presents



4.2 Characteristics of the parametric chart 115

a completely specific proposal for that situation. This proposal is subsequently
investigated in a simulation study. It turns out to work quite well: without it,
the exceedance probabilities are unacceptably large, whereas after correction the
values obtained are indeed close to the desired a. Next, Section 4.5 is devoted to
studying the impact of the correction on the out-of-control behavior. As expected,
it turns out that the effect can be substantial. Guidelines are given to check
whether it is acceptable for the values of n, p and a at hand, or adaptations, such
as a larger sample size, are called for. Again a simulation study is presented to
support and illustrate the recommendations given. The final section summarizes
the conclusions.

4.2 Characteristics of the parametric chart

The notion of the parametric control chart has been introduced in Section 3.4. In
addition, the advantages and disadvantages of using this chart have been discussed
in Section 3.5. The present section provides a brief review on the characteristics
of this parametric chart.

Consider i.i.d. r.v.’s Xy, ..., X, X,11 from some distribution function (d.f.) F.
The first n of these r.v.’s come from Phase I and form the basis for the estimation
step; the last r.v. belongs to Phase II, the monitoring stage. Clearly, as all (n+ 1)
r.v.’s come from the same F', we have the in-control situation as our starting
point. If F is supposed to be N(u,0?), the proper UCL for a certain p simply
equals p + upo. The fact that 1 and o are unknown requires these parameters
to be replaced by customary estimators leading immediately to the estimator of
UCL given in (2.1).

However, if normality is not taken for granted, a more general model should be
selected and the question is what choices might be suitable. Along the lines of
Section 3.4, we argue as follows. To begin with, the broader model selected should
contain the normal family as a submodel. After all, approximate normality always
will be the starting point. On the one hand, we want to be protected against the
errors caused by this mere approximate validity of the normality assumption, as
such errors can be quite serious in view of the tail probabilities we are dealing
with. But on the other hand, if normality happens to be perfectly true after all,
we want our model to be able to produce a normal distribution as the best fitting
candidate. In other words, simply trading in the normal family for some heavier
tailed one (like some Student’s ¢ with a fixed number of degrees of freedom), is no
reasonable option.

A possible alternative might be to let the Phase I data decide between either the
normal family or such a heavier tailed alternative family. But this is a rather
“jumpy”solution. It seems more attractive to move smoothly from the normal
family toward a heavy tailed one. To be explicit, a general model could e.g.
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be a mixture (either random or deterministic) of a normal and a t¢-distributed
random variable with a rather small number (say 6) of degrees of freedom. In
addition to f1 and o*, a third estimator would be required for the mixing parameter.
Unfortunately, this proposal leads to unpleasant technicalities when one tries to
apply it, stemming from the fact that the normal case lies on the boundary.

Yet another attractive possibility is available, however, for which such problems
do not arise. Note that the standardized upper limit (U{C’\Lfﬁ)/o* in (2.1) simply
equals u,. For heavier tails, this value should increase, while for lighter tails the
opposite should happen. This readily suggests to generalize u, into a power like
u, ™. Obviously v > 0 (< 0) corresponds to heavy (light) tails, with the normal
case as an interior point for v = 0. The so obtained normal power family has
intuitive appeal, is flexible, contains the normal, and moreover clearly covers a
broad range of distributions. Consequently, it will be the choice we shall adopt in
the present chapter as well.

Instead of simply working under the model X = p + ¢Z, in which Z has d.f. &,
with the new model suppose that X = u + 0Z,, with v, Z, and ¢(y) as given in
Section 3.4. The d.f. of Z, is denoted by K, and its upper p-quantile (0 < p < 1/2)
is given in (3.7). The difference between the normal chart and the normal power
chart is that for the latter u, in (2.1) needs to be replaced by c¢(J)up™, which
indeed corresponds to the basic idea suggested above.

Regarding the parameters 1 and o, we used the same estimators as given in Chap-
ter 3, where i = X and & = S are used, respectively to estimate x4 and o. And as
concerns the choice for the required estimator of v, we point out that a kurtosis-
type estimator, cf. (3.11), has an obvious appeal when worrying about heavy tails.
We investigated this possibility and indeed the resulting 74; performs quite well for
a large variety of symmetric distributions.

However, it is not our aim to fit the distribution globally, but only at the (far)
right tail. This is done by concentrating on the ordinary tail (where we have
observations), assuming that the behavior of the ordinary tail is informative for
the far tail. Thus the restriction to symmetry occurring in the normal power
family can be taken for granted. Consequently, instead of using all observations,
we prefer to concentrate on the upper tail resulting in 72 as given in (3.14). More
particularly, we recommend 7 as given in (3.15). The chosen estimator for v can
then be applied to the estimated control limit of the parametric chart as given in
(3.8).

For the performance of the general parametric chart based on the normal power
family, in terms of the produced (R)ME and (R)SE see Section 3.5. It turns
out that the parametric chart has an advantage over the normal chart, since the
new chart manages to reduce RM E of the suitable models substantially. Hence,
the parametric chart produces sufficiently small M E’s for those suitable models
compared to the normal chart.
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However, we also have to take the opposite side of the picture into account: the
comparison of the various SE’s. In this respect, clearly the parametric chart is
at a disadvantage. Not only p and o need to be estimated here, but v as well.
The question is whether the effects of the resulting increase of SE are sufficiently
small to be outweighed by the above illustrated gain with respect to M E. In
Section 3.5 this was shown to be true for the case where bias is the performance
criterion. Adequate corrections were derived in Section 3.6, resulting in charts
which combine small M E with small expected SE. But in the present chapter
we are interested in bounding exceedance probabilities rather than in bounding
bias. As argued in the introduction, this type of criterion has a larger impact and,
in particular, it will necessitate larger corrections. In the next section we shall
analyze how this works out.

4.3 Exceedance probabilities and correction
terms

In this section we temporarily take a general parametric family with d.f. K,. In
order to be able to correct the behavior of the parametric chart, we replace the

UCL =fi+6K5 (p) by

UCLe=fi+5K5 (p) + oce(), (4.1)

in which ¢.(7), or ¢, for short, will be an appropriate correction term with the
corresponding estimated version c¢.(y) or ¢, for short; different estimators give
different functions c.. Obviously, by letting ¢, = 0, we will always be able to
reproduce the uncorrected charts, as ITC’\LO — UCL. Before embarking on the
precise definition of ce, it may be illuminating to take a qualitative preview of
what to expect. The convergence of g(P,) toward its limit may be slow, but in
the long run any corrections, whether dealing with bias or with exceedance proba-
bility, should become negligible. Hence c. will typically be small in comparison to
f; 1(p). Moreover, it will be a deterministic function of the parameters involved:
the sample size n, the intended signal probability p, the yet to be specified crite-
rion parameters and, of course, the third model parameter v. In fact, this latter
dependence we already indicated specifically by writing c. = c.(y) in (4.1). This
was also done to make explicit that, in view of the structure chosen in (4.1), the
correction ¢, will depend on ~y, but not on i or o. To allow application of the cor-
rection, the third model parameter v has to be estimated again but, as c, is small,
the error involved in replacing oc, = oce(y) by d¢. = dc.(7) will be negligible.

Next, we will make explicit what imposing the exceedance criterion on @c from
(4.1) means. Let UCL = p+ a?,?l(p) be the limit in probability of i + é?;l(p).
As P, equals F([TC\LC), the question now is how likely it is that g(P,), for example
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for the three choices of g given in (2.3), differs too much from its corresponding
limit value g(F(UCL)). To be more precise, we introduce the relative error

_ g(F(UCL.)
We= s wer) " (+2)

with W = W, corresponding to the uncorrected case. Once more note that we
are only dealing with SE here. Note that ME = g(F(UCL)) — g(p), which
hopefully has been made small by using a larger family, remains a given quantity,
no matter how large a sample size we choose. For increasing g (like g(p) = p or
g(p) =1 —(1—p)*), we impose the following exceedance probability criterion: for
certain small non-negative € and small positive «,

P(W.>e¢) <a. (4.3)

For decreasing g (like g(p) = 1/p), instead consider P(W,. < —¢) in (4.3). However,
as in previous chapters, we always assume that g is increasing in the present
chapter, unless explicitly stated otherwise.

After specifying the criterion, we can derive ¢, as a function of n, p, a, € and
~. In the present chapter we use notations Fy and Py to denote expectation and
probability, respectively, under Fy (i.e. for the case where we simply have y = 0
and o = 1). Recall that F denotes the d.f. of (X,,41 — p)/o. We assume the
natural condition that (i — p)/o, §/0 and 4 have the same distribution under F
as [i, & and 4 under Fy, respectively. This condition obviously holds for 71 = X,
=5 and 7 or 42. Let

bo = Fy (g~ ({g(Fo(E (1)) (1 + &)})). (4.4)

As ¢ is supposed to be small, this implies that by — f;l(p) ~ —e(, with

Q = g(Fo(K, )/ Fo(E, ) fo(K,  (p)}, (4.5)

where, as before, fj is the corresponding density fo = F{.

In this case we have:

Lemma 4.3.1 Suppose V from (3.18) satisfies V/(EoV?)2 u N(0,1), then
limp—oo P(W, > ) = a holds for

1 ——1
ce = (BoV?)2ua +bo — K (p). (4.6)
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Proof.
Note that (4.3) translates into P(UCL, < b) < a, where b is by from (4.4) with F

rather than Fy and UCL instead of ?;l(p).

Consequently, b = pu + obg. From (4.1) it follows that P(U/C’\LC <b)=P((—

W)/o +(5/0)K5 (p) +ce < bo) = Po(V +co < by — K. (p)), with V as in (3.18).
The desired result now is immediate in view of the conditions on V. m

Typically EoV and EyV? are of order n~! and hence the “standardization”of V
reduces to V/(EoV?)z. Next, we study the behavior of ¢, from (4.6) in relation
to the underlying parameters. Of main interest in this respect are n and ¢.

1) role of n

Implicitly n is present in (4.6) through (EOVQ)%, which is typically of order n™2.
Note that this will indeed be the case for the normal power model, with i = X,
g = S and 7 or 7,. Also observe that this order n=? is considerably larger than
the order n~! from the bias case (see Section 2.3). Nevertheless, as n increases,
this part of c. will eventually become negligible. The speed of the convergence
will decrease as the number of parameters to be estimated increases. For the
normal chart from (2.1), (3.18) boils down to V = [i+ (5 — 1)u,, and thus EqV? ~
(uz +2)/(2n). For the normal power family, in addition to x and ¢ we need to

estimate v, and EpV? will be larger.
2) role of €

First of all, for the boundary case where ¢ = 0, we have from (4.4) that by =

f; 1(p) and the second part of (4.6) vanishes, as should be the case. As ¢ is
small, this part can moreover be approximated by —e@Q, with Q given by (4.5). To
simplify this a bit further, we can apply a similar argument as in Subsection
2.3.2 as follows. Let h(p) = g(p)/{pg’(p)}. For g(p) = p we get h(p) = 1,
for g(p) = 1/p we find h(p) = —1, while for g(p) = 1 — (1 — p)* we obtain
h(p) = (1—p) {(1 —p)~* =1} /(kp)= (e*? —1)/(kp). Usually kp will be small and
in the last case h(p) = 14 (kp)/2. As a result we obtain as a further approximation

ce = (BoV)Y?u, — eAFO(K, " (9)/ fo (K, (0), (4.7)

where A =1 for g(p) = p. For g(p) = 1/p, h(p) = —1, but we also deal with 1 — €
here, rather than with 1 4 € because g is decreasing, hence also for this function
we get A = 1. Finally, for the third function g given in (2.3), A = 1 + (kp)/2.

The coefficient of ¢ in (4.7) obviously is negative, which agrees with the fact
that increasing ¢ makes the criterion (4.3) less strict and thus requires a smaller
correction. Moreover, (4.7) shows that c. consists of a small positive term, typically
of order n=2, and a small negative term of order . Of course, these two can be
tied together by prescribing that actually ¢ = ¢, = én~2 for some ¢, but this
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does not seem to really add anything to the analysis. Clearly, as n becomes
huge, for any small positive € the correction will eventually become negative. This
simply reflects the fact that then Wy tends to be so close to zero that it exceeds
€ with a probability less than «. On the other hand, although this situation
makes perfect sense, it is also obvious that it will be of little practical interest.
Typical applications will exhibit a positive term of order n~2 which dominates,
and is merely moderated a bit by the negative term of order . To provide some
illustration, we consider the following example.

Example 4.3.1.

If F is indeed contained in the model used, we simply have Fy = K, and a factor

p/k~ (?;l(p)), with k. the density of K, results in the second term from (4.7).
If we are moreover in the normal case, this approximately boils down to u; ' and

P
consequently (4.7) reduces to the approximation (cf. (2.53)),
2 1/2
) Uy + 2
ce%———i—ua( L ) . (4.8)
Up 2n
According to this approximation, correction becomes superfluous once n = %uiug

(uz + 2)/(e\)?. Choosing for example p = 0.001, ¢ = 0.1, o = 0.25 and \ = 1,
this produces n =~ 2500. Hence for (substantially) smaller n, the correction ¢, will
be positive and non-negligible. Further numerical illustration was given in Section
2.3. ([

3) role of g

The effect of the choice of g, i.e., whether we concentrate on the signal probability
itself, or rather on the ARL, or even on the distribution of RL, is represented
concisely by the factor A in (4.7). Note in particular that the fact that A = 1 for
both ¢g(p) = p and g(p) = 1/p is of course no coincidence. In fact, in the latter case
(4.3) gives P(W, < —¢) = P(F(UCL)/P, <1—¢) = P(P, > F(UCL)/(1 —¢)),
which is nothing but P(W, > &) in the case g(p) = p, with é =¢/(1 —¢) =~ ¢ for
small . Hence, any result for the signal probability itself immediately translates
into one about the ARL.

As concerns the remaining parameters of ¢, in (4.6) or (4.7), we shall be more
concise. If o decreases, (4.3) becomes more strict, which is reflected by the fact
that the positive term in (4.6) increases linearly in u,. Moreover, in accordance
with our claim in the introduction that very small p cause very large relative
errors, EgV? decreases in p. For the normal power family we will see this in the
next section, while for the normal family this is already clear from (4.8), where
the positive (negative) term increases (decreases) in u,.

The next step toward application is the estimation of the unknown parts in (4.6)
and (4.7). As argued before, the fact that c. is small to begin with causes these
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changes to have negligible effects and approximate equality in (4.3) will continue
to hold for ¢.. First, assume that we are in 1 fact within the parametric family, and
thus Fy = K. Hence, we can simply use K5 for F, k5 for fo and also evaluate

EoV? under K5. Denoting the latter by W, we arrive from (4.6) at

2 =@ = (BoV2)uu + K5 (g {g) 1+ 0)}) = K5 (), (4.9)

which reduces through (4.7) to

EAp

= c(d) = (BoV2) 2up — ——8
ky (K5 (p)

(4.10)

Hence, with ¢, from (4.9) or (4.10), the estimated upper limit from (4.1) as given
in (3.17) will now produce approximate equality in (4.3) under the model K, ((x —
w)/o). This will also be true in the vicinity of this model: as long as Fp is
close to K., estimation of Fy, fo and EoV? in ¢, through K5 will make sense.
Actual application in case of the special normal model already requires (see (4.8))
specification of p, e, @ and g, as well as evaluation through (Xi,...,X,,) of i and
¢. Under a more general model, in addition, K, should obviously be defined, as

well as an estimator for -y, while also E/OW has to be evaluated as a function of this
estimator. Especially this last step may require considerable effort. Fortunately,
for the normal power model this has already been done in Section 3.6 while deriving
the bias correction term, and we can readily use these results here. In the next
section we shall investigate the performance of the thus obtained normal power
family chart with exceedance probability correction.

4.4 The corrected parametric chart

In the previous section we have uncovered the general structure of the desired
correction terms; here we shall demonstrate how (4.9) and (4.10) work out in
practice for our prototype example, the normal power family. The first step is:

Lemma 4.4.1 For the normal power family the results (4.9) and (4.10) specialize
to: use

UCL. = fi + 6{c(@)ul™ + 2.}, (4.11)
with

2 = (BoV2) " ?uq + c(@){ul™ — ult7}, (4.12)
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where p = g~ ({g(p)(1 +¢€)}), or with the further simplification

2 = (BEoV®)2uq — ep(1 + )@ /o(up). (4.13)

Proof.
In the normal power family K7 '(t) = c(v)|® " (¢)]'" 7 sign(®~(t)). Together
1

with (4.9)  this readily gives (4.12). As moreover {1k (K, (1-1))} =

1k (K1) = (K, () = (147)e(y)®71 ()7 /p(@1(1)) for ¢ > 4, using (4.10)
rather than (4.9) leads to (4.13). m

The estimator of v to be used is again 7 or J3. Indeed the main obstacle is EgV'2,
which has to be expressed in terms of 4 or 45 as well. After laborious computations
the following result is obtained.

Lemma 4.4.2 Using 7 as given in (3.15) we arrive at
{BoVE2 = n ™ AR uy),
where

AR, up) = —4.00 — 12.547 — 10.027% + 2.91u, + 6.47yu, + 4.427%u,.  (4.14)

Proof.

Note that 7 from (3.15) is nothing but the explicit ¥ = hy ' (75), with 75 as in
(3.12), using again ¢ = 0.05 and r = 0.25 and log (ug.05/up.25) replaced by the
numerical value 1/1.1218. The computation of (EV?2)? is a very technical and
rather complicated matter. Fortunately, this task has been performed already in
Section 3.6 for EyV and EpV?2, in order to obtain an explicit form of the bias
correction. We refer to that section for technical details and merely present here
an outline of the steps involved. The basic idea is actually quite straightforward.
V from (3.18) is a function H(fi,&,73), to which a second order expansion around

H(0,1,~3) is applied. After this, the first and second order (mixed) moments of
b, (6 —1) and (35 —93) need to be calculated, all of which are of order n=!.
For 